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Necessary and sufficient conditions are given for the belonging of an » tuple of complex four-vectors to

the extended tube.

1

HE analyticity properties of vacuum expectation
values of field operators'—¢ are related to the
geometric properties of the so-called extended tube R,/,
which is defined as follows. An # tuple R of

complex four-vectors belongs to R,’ if and only if
there exists a proper complex Lorentz transformation
A such that, for p=1, - --, n, the imaginary parts of
Ag lie in the interior of the forward light cone. Jost” has
given a simple characterization of the real points of
R,’. Tt is the purpose of this paper to give a characteriza-
tion which applied to all points of R,’, brings out the
role of convexity properties, and exploits the symmetry
between complex four-vectors and complex 2 X 2
matrices.

Every complex four-vector determines, in a natural
way, an element of an eight-dimensional real euclidean
space E®. Thus the complex four-vectors z,=x,+iy,
and ¢,=a,~1b, correspond to the vectors

Z = (%0,%1,%2,%3; Y0,Y1,Y2,¥3) 1
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and
C'= (@0,01,82,a3; bo,b1,b2,b3), (2)
respectively.
Together with an arbitrary CeE® given by (2),
we can consider the vectors
H(O)’—‘ (bo, bl, bz, b:,‘; Qo, 41, G2, a;;)
H(1)= (bl, bo, —das, @2, 4y, Ao, ba, —bg)

3)
H® = (by, a3, bo, —a1; a2, — b3, ao, b1)
H® = (b3, —as, a1, bo; as, bs, — b1, @0).
It is easy to verify that
H® H®=|C|%, (3, k=1,2,3)
(4)

HO®. W= 2|:a,oa—|—bob+ (axb)]e

Here the scalar product and the norms are taken in
the euclidean space E®,

We define now the cone associaled to C as the set of
all vectors ZeE® such that

Z-HO—{ S (Z-HOYH>0. (3)

i=1

A cone associated to a vector (2) which satisfies
a,0"*—bb*>0
(5 (3 (6)
a,b*=0

(that is, ¢,e*=ci2— ¢- ¢>0), will be called a distinguished
cone. We shall prove the following result:

An ntuple {3, - - -, z} belongs to the extended tube if and
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only if the convex body spanned by the real eight-dimen-
sional vectors Z,---,Z lies in the interior of some

distinguished cone.

The proof is given in Sec. II.

II

Given two complex four-vectors ¢, and z,, consider
the real number f(c,z) defined by

fle,g)=vo—| v| (M

and
vo=Im(coZo+¢- Z) (8)
v=Im(coz+zc+i(cXz)). 9)

It is easy to see that the function f(c,2) has the
following convexity properties; if 0X A< 1, then

JOS+(1=Nc"2) 2N (¢ ,2)+ (1-Nf(c"2)  (10)

flens+(1=N2") 2N (c2)+1A=Nf(cz"). (11)
Furthermore, for any real positive number v

flvez)=f(cyz)=7f(c.2). (12)

We shall now prove the following lemma:
An »n tuple {3z, ---, 5} belongs to the extended tube

if and only if there exists a complex four-vector ¢, such
that
cuct=1

f(cyi)>0 (P=1)’”)

(13)
(14)

Proof: Instead of the four vectors ¢, and z,, we may
consider the matrices

cotes  c1—ice
c= ( ' ) (15)
61+162 Co—C3
Zo+23 Zl—“’L.Zz
z= ( ) (16)
Zl+7:22 20— 23
It is known (see e.g., Jost?) that {3, - - -, 2} belongs to

the extended tube if and only if there exists a matrix ¢
such that

det c=1, a7

and that the complex four-vectors w,, corresponding to
the matrices ?
w=cz (p=1,,1’l)
r (18)

have their imaginary parts in the interior of the
forward light-cone. Because of (15) and (16), Egs. (18)

can be written as

Wo= Co%o+C* 2 (19)
w=coz+z0c+1i(cX2) (20)

and (17) as
cuev=1. (21)

The assertion of the lemma now follows from the
definition of the function f(c,s), with vo=Imwo, and
v=Imw.

If the inequalities (14) are satisfied, then by (11),
f(¢,2)>01n the closed convex body spanned by Z, 0y %

Conversely, if f(c,2)>0 in that body, then obviously
fe2)>0 (p=1, -+ -m).

If we introduce now (instead of the complex four-
vectors ¢, and z,) the real eight-vectors (1) and (2), then
Eqs. (8) and (9) become

1)0=Z.H(0)
vi=Z.H(i)

(22)
(i=1,2,3), (23)
where H® and H® are given by (3). Consequently,

fle,s)=Z-HO—{ i (Z-HO)}

=1

(24)

and the statement of the theorem follows from the
lemma, the definition of distinguished cones, and the
Eq. (12). The inequality (11), together with Eq. (12),
also shows that the sets which we called cones are
indeed convex cones.

I

We shall now illustrate the thorem just proved by a
few simple examples.

Consider first the distinguished cone associated to a
vector (2) with ao=1, a,=b;=bo=0. If the convex
body spanned by 1Z’ -+, Z lies within this particular

distinguished cone, then the # tuple {z, - - -, 2} belongs

to the so-called forward tube. Indeed, for any Z given
by (1), Z-H®=1y,Z-H®=1y;; so (5) becomes just the
condition that the imaginary parts of all the z—s lie
in the forward light-cone.

Next, it is easy to verify that if 2,220, then the
corresponding Z cannot belong to any distinguished
cone.

Finally, if %, is real and space-like, then Z= (x,;0)
lies in the distinguished cone associated with C= (0; x,).
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The pair distribution function for a hard sphere Bose system has been calculated by using a method in
which the hard sphere potential is replaced by the so-called pseudo-potential. The problem is carried
through using the quasi-particle formalism of Bogoliubov. In this calculation one considers a system of
bosons interacting via the pseudo-potential which can be regarded as a weak interaction when the system
is very dilute. The Hamiltonian of the system is diagonalized by means of a canonical transformation which
has the effect of separating the energy into two parts, one of which is the ground state energy and the other
corresponds to an ideal Bose gas composed of ‘“‘elementary excitations’ or “quasi-particles.” This formalism
is applied to the calculation of the pair distribution function. This quantity is calculated by averaging over
a grand canonical ensemble constructed with the total number of elementary excitations. A result which is
seen to be valid both for the condensed and gaseous phases of the system and also for any distance r be-
tween the particles is obtained.

A discussion of the difference between these results and the ones obtained in a previous calculation and a
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comparison between both results and the experimental ones is also given.

INTRODUCTION

N a previous calculation,? we have obtained the
pair distribution function (pdf) for a hard sphere
Bose system to first order in a/A by using the Binary
Collision Expansion (BCE) method of Yang and Lee.
The parameter @ is the radius of the spheres and A is
the thermal wavelength, £(2rmkT)~%. As we have
mentioned in I, the result has the disadvantage of being
applicable only for the “gaseous phase” and for large
interparticle distances. The first limitation is a result
of the appearance of functions g.(z,s) and g.(z) which
for any value of ¢ converge only if |z] <1. The second
arises from the fact that one of the terms in the expan-
sion for the pdf is inversely proportional to 7, the dis-
tance between any two particles.

In this paper we wish to calculate the pdf for the
hard sphere Bose system to the same order in a/A, so
that the result is sufficiently general to be valid for the
condensed and gaseous phases and at any value of the
interparticle separation. We shall use for this purpose
the formalism of Bogoliubov? in his theory of the super-
fluidity of He II. We shall apply it to the case of a
dilute hard sphere Bose system interacting through the
pseudo-potential which we regard as a weak interaction.

The first section of this paper will be devoted to a
discussion of Bogoliubov’s method. In the following

* This work was supported by the U. S. Air Force under
contract..

t This paper is based on a dissertation presented to the Uni-
versity of Maryland in partial fulfillment of the requirements for
the degree of Doctor of Philosophy.
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3N. N. Bogoliubov, J. Phys. (U.S.S.R.) 11, 23 (1947); N. N.
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in the Theory of Superconductivity (Consultants Bureau, New
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section we shall evaluate the pair correlation function
for any weakly interacting system. The calculation will
be performed by averaging the matrix elements of the
corresponding operator over the grand canonical en-
semble constructed by the total number of “quasi-
particles” or elementary excitations. In Sec. 3, the re-
sulting formula will be applied to the ideal gas and the
hard sphere gas, to order a/A, in the gaseous phase. In
Sec. 4, we shall compare the two results (i.e., the one
obtained in I and the one obtained in the present paper),
with the experimental results for liquid helium at
4.2°K. Finally, in Sec. 5 some comments will be made
concerning the connection between the two methods
and their validity.

1. METHOD OF BOGOLIUBOV

We consider a system of N weakly interacting bosons
whose Hamiltonian, in the language of second quantiza-
tion, is given by

H=} |p|*a,*a,
»

(1)

+— 2 v(p1— pr)am*aps*ansar’,
2Q (pr+pe=p1'+p2’)

where p is the particle momentum, »(p) is the Fourier
transform of the interaction potential for a pair of
particles (this quantity is assumed to be proportional
to some small parameter), Q is the volume of the system
and a,* and a, are the boson creation and annihilation
operators. We shall, for the time being, choose our
system of units such that Z=2m=1.

Bogoliubov? has shown that in the presence of a
weak interaction, one can assume that the overwhelm-
ing majority of the particles will be in the particle
ground state, i.e., that there exists a condensate in the
system. If this condensate contains N, particles, where
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Ng>1, the expression
doao* _ (10*(10 =1

is small compared with ao and a¢* themselves since
No=ac¢*ay. We, therefore, may treat these operators as
¢ numbers, neglecting their noncommutativity. Then,
on introducing the operators,

bp=0ac*Nita, by,*=acN¢la,* (2
we may rewrite Eq. (1) as follows:
H=H+H;y
Ho=3 [p]°b,*by
Ng ’ 3)

Ny
Hipy=—v(0)+— 3 v(p)
Q 2Q »>0

X (b5*b_p*+bpb_p+2b,%D,),

where we have neglected terms of an order larger than
second in b,* and b, because they are of order Notand 1.
This corresponds to the solution of the equation of mo-
tion of the system by using a field operator of the type

U =0tgy+6,

where 6 is a small quantity, and where all those terms
involving second and higher orders of # have been
neglected.

We now introduce two operators £, and £,* by means
of the transformation

bp=1upkptv,t o
bop=1urt_ptv k%,

where #, and v, are real ¢ numbers, functions of p, such
that they satisfy the relations

4)

2 20~1. — . —
Ult—0,t=1; u_,=u,; v_,=uv,

It is then easy to show that the £’s satisfy the same com-
mutation relations as the a’s, and thus they are Bose
amplitudes. Under the transformation defined by Eq.
(4), Eq. (3) reduces to*

H=H1+Z w(p)s;:*fp
70

1Vo2 (5)
H1=7V(O)+% gﬂ[w(ﬁ)—E(P)—J(P)],
where ) ’ )
Nov
E@p)=p* J(p)= d
(6)
w(p)=LE@)y+2E(p)J (p) ]}
provided that #, and v, satisfy the relation
2ug, [ E(p)+T (0) 1+ (ut+2,)T (p)=0.  (7)

4The reasons leading to such transformations are given in
footnote 3.
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Thus the total energy of the system is equal to the
ground state energy H; and the energy of the “‘ele-
mentary excitations” or “quasi-particles,” described by
the operators ¢ and £*. As it is shown in Eq. (5), these
elementary excitations, represented by the term
> oo w(p)E,*E, form a perfect Bose gas.

The explicit dependence on the momentum p of the
¢ numbers #, and v, appearing in Eq. (4) is obtained
by solving Eq. (7). This is most easily done by intro-
ducing an angle ¢, through the relations

#p,=coshe, v,=sinhep,. (8)

One then finds that

cosh2¢,=E(p)+J (p)/w(p)
sinh2¢,=—[J(p)/w(p)] (9)
so that ¢, is a negative number, which approaches zero

as J(p) goes to zero. We now define a positive number
a(p) by means of the expression,

—a(p)=tanhe,= (v,/u,). (10)
From Egs. (9) and (10) it is easily found that
a(p)=J (p)[E(p)+J (#)—w(p)] (11)
and that
w=ll-OI =@ElU-eT

Uptp=—a(p)[1—a?($) 17,

which are the desired relations. One might mention
that for a hard sphere Bose gas, where v(p)=28ra, “a”
being the diameter of the spheres, Eq. (11) reduces to
the result given by Lee, Huang, and Yang.?

2. PAIR DISTRIBUTION FUNCTION IN
BOGOLIUBOV’S FORMALISM

After using the results sketched in the previous sec-
tion, we proceed to evaluate the pair distribution func-
tion for a system of weakly interacting bosons.

In the language of second quantization the pair dis-
tribution function operator is given by

P (11, 19) =T* (1) W* (12) ¥ (1) ¥ (11), (13)
where the field operator ¥ is given by
¥(n)=0"(ao+2 a,e®), (14)

p#0

where we have explicitly written the term for zero
momentum.
By introducing a new field operator ¢(r), given by

o(r)=pot+Q7F 2 byet® s, (15)
70

where po is the particle density in the ground state

(155’1;.) D. Lee, K. Huang, and C. N. Yang, Phys. Rev. 106, 1135
957).
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No/Q, we can write Eq. (13) as follows:

p® (11,12) = ¢*(11) ¢*(12) (r2) 0 (11). (16)
The substitution of Eq. (4) into Eq. (15) yields
e(D)=p+ U (1)+V*(x), (17)
where
U)=013 ue® gy (18a)
p=0
and
(18b)

V(r)=Q% 3 veiP vty
0

The operator ¢*(r) is given by the hermitian conjugate
of Eq. (17). Substitution of Eq. (17) and its complex
conjugate into Eq. (16) would give the pair distribution
operator in terms of the quasi-particle creation and
annihilation operators. As it will be seen later, we are
interested in calculating only the diagonal elements of
this operator in the quasi-particle representation. It is

then easy to see that those terms having pe? and pof as
coefficients give a zero contribution to such diagonal
terms, and for this reason we shall ignore them. The
remaining terms giving a nonzero contribution are

[9(2)(r1,r2):]diag
= [Po2+Po{ U*(r)V (r)+V (r) U*(12)+ U (1) V(1)
+V*(x)U (r)+U*(x)) U (1)) + U* (1) U (1)
+U* (1)U (1) + U*(r2) U (12) 4+ V (1) V¥(11)
FV () VE(r)+V (r) V¥(r2)+ V(1) V¥(12)}
+ U*(l’l) U*(l‘z)U(l‘g)U(l’l)-I- U*(l’l) V(I'z)
XU (x) V*(r)+ U* (1) V (r) V¥ (1) U (11)
FV (@) U*(x) U (x) V(1) + V (21) U*(xs)
XV*(x2)U (1) +V (1) V (x2) V¥ (12) V*(11) Jaiag- (19)
The evaluation of Eq. (19) is long but straightfor-
ward. The first term contributes p¢? since it is a constant ;

the term having po as a coefficient yields after some
manipulations, the following result:

po , . p
Al:E Z;‘;O [(u,,vp+v,,2)(e'l"f-}—e—*l’")-{-zvpz]-l—go 2 [Qupvptur+v.2) (e® e 0 0)+2(u2+v,2) JE,*E,.  (20)
P 0

Finally, the independent term yields the following expression:

A2=Q—2 z [up2uq2e‘"ip'1'+11ll'f+upvpuqvq(e-ip~r—iq~r+e—ip~r+iq-r+e+ip.r—iq.r+eip.r+iq.r)+vp2.uq2eip.r—iq~r]

g
p#e

D4 Ep*spgq*£q+9_2 Z [upzqu_}_ 2up2vq2+vp2.vq2+up2vq2e—ip.r—iq.r+ .Upzqueip-t+iq.!]£p*£p£q*gq
p,q

+q2 Z [upvpuqvq (e—ip T—ig-T | pip-T—iq-T| p—ip-r+ig Tl gip -r+z‘q-r) + 'Up2'Uq2 (eip -1—iq-r ) pig.1—ip -r)]gp*gp

0.q
p#q

42 Z [upzque—ip-r—iq-r+2up2qu+ 27Jpzvq2+vp2uq26ip"+iq"]$p*$p+9_2 Z (up4+ 2.%4) Ep* £
P.q P70

T2 (0,000,071 g 2y 2ipeT—i0r) L Q2 S 9 2 21202 S 08 (21)
P.q p#D

g
p#e

where in Egs. (20) and (21), r=r;—r,.

The diagonal part of the matrix elements of the pair
distribution function are, therefore, given by the
expression

[p® (r1,1r2) Jaisg=po*+ A1+ A,

where A; and A, are given by Egs. (20) and (21),
respectively.

We must now find the thermal average of the operator
given by Eq. (22) which for brevity we shall denote by
p®. Such an average is proportional to the trace of the
operator p@e#¥ where H is the Hamiltonian of the
system given by Eq. (5). The calculation of such an
average is performed by averaging over an appropriate
grand canonical ensemble.

First we notice that the number of elementary excita-
tions is not arbitrary but it is related to the total

(22)

number of quasi-particles N and the number of par-
ticles in the ground state N, through the relation

Z ”pzN—NUJ

0

(23)

where 7, is the occupation number of the ‘“‘quasi-
particle” state with momentum p.

We now define a quantity =, which plays the role
of the grand partition function, by means of the equation

o0

E=g¥e & (N-MoZy,

N=No

(24)

where ¢ is a parameter which must be determined later
on, and is not equal to the fugacity of the system be-
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cause [V is not the total number of particles. Since®

Zy=TrePH (25)
and the canonical average of p® is given by
(p®)=ZyTrpe-s, (26)

we find from Eqgs. (24) and (26) that the grand canonical
average of p® is given by

(PO =phoEt 3 rNoTypwesn,
N=Ng

27)

GARCIA-COLIN

where {((p®)) denotes the grand canonical average of p®.

Let
g‘: g‘ﬂl‘

and let |#,N) be an eigenstate of the Hamiltonian H
such that Eq. (23) is satisfied. Then, by using the fact
that

®
E{-N0= Z Z e—ﬂ[z'"pw(ll)+#2’ﬂp]
N=Np {np}

we can write Eq. (27) alternatively as

T T (15N [p® 1N exp{—BLE npeo(p)+u T 1,0}

=No {np}

N
((p®))=

S 5 exp(—BE () +u X 1,])

N =No {np}

where in these last two expressions, 2 {s,} denotes a
summation over all possible sets of values of the #,’s
satisfying Eq. (23) and Y_’ denotes a summation over
all possible momenta, except p=0. Equation (28) shows
explicitly the use of the diagonal elements of the oper-
ator p®, which we have previously calculated.

Now, the terms that appear in p® are either inde-
pendent of £, and £,* they contain these operators in
the combination £,*¢,, or they contain them in the form
£,%E,8.*E,. Thus, noticing that the double summations
appearing in Eq. (28) may be replaced by a single sum-
mation over all possible sets of values {#,} without any
restriction, we find that this equation gives rise to the
three following results:

(a) The terms in p® independent of £, and £p*
remain the same.

(b) Terms of the type

Z A (Q)Sq*fq
@20
yield
2 A(Q{(na)),
a0
where
e—ﬂu((l)
(=1

is the grand canonical average of the occupation
number #, of the particles having momentum g.
(c) Terms of the type

X M(?:Q)Ep*fpgq*gq
970 p#0

yield, neglecting terms of the order @7,

Eo péo M ($,9){(n5)){{na)).

On combining these results with Eq. (22) and noticing
that the density of the system is related to the ground
6 The symbol 77 in Eq. (25) must be understood as that acting

on the operator ¢#¥ when the Hamiltonian H represents the
system in a state having precisely N quasi-particles.

) (28)
state particle density by the relation
po=p(1— fo), (29)
where
fo=(N'—No)/N’ (30)

is the fraction of the average number of particles out-
side the ground state, N’ being the average of the total
number particles, and keeping only terms up to order
('Y, we find that the pair correlation function aver-
aged over the grand canonical ensemble is given by’

(DM
=pX® (D)= (1—fo+[1+F@OP+[1+G(10)
++Fi(n) P+ H @ P+H[1+26:(n) P
+1+H O P+[1+FO) P+[1+F1(0) F
—8—2 fo F(0)+F1(0)+H (0)+ F (r)+G(r)
+F1(n)+H (1)+2G:(r) ]+ 2F (0)LH (0)+F1(0) ]
+2F(r)[F (r)+H (r) [+ 2H (0)F1(0)

+4G(0)G1(r)+H(DF (0)+1(r)F1(r), (31)
where . “(9)
F(r)=— ip-r s
) e
1 —a(p)
G(r)=— ip T
® 8mp l—az(P)e r
1 —a(p)
Gi(r)=— » i1 8
W= oy e
1 & (p)
Fi(r)=—o p))e? 1
e e L
1
H —_ » ip-rdB
W= [ e
I(r) ! ! P 1
r)=—F ] ———¢®7d%p,
8rpd 1—-a?(p) P

7 This function was called g(r) in L.
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The expressions for F(0), F1(0) and H(0) are the values
for F(r), F1(r) and H(r) when r=0. The o’s are related
to the coeff %, and v, of the canonical transformation
defined in Eq. (4) through Eq. (12).

It is worth remarking that if we only restrict our-
selves to the average of the operator p® over the ground
state, that is, we consider in Eq. (22) only those terms
which are independent of £, and £,* we get the same
result as the one derived by Lee, Huang, and Yang,’
using the pair theory. In fact, in this case our parameter
fo, the fraction of particles outside the ground state is
equal to the parameter f introduced by these authors,

a*(p)
._.F NI
f=F0)=®")" Eﬂl o)

Hence we find Fi(r)=Gi(r)=H(r)=0 and Eq. (31)
reduces to®8
(DM=+Gm P+[1+F(nP
—1-2f[G()+F(r)].
Equation (31) is the sought for expression for the
pair distribution function; it is valid for all distances 7
and at all temperatures. We shall now proceed to apply

it to the case of an ideal Bose gas and then to the hard
sphere Bose gas.

= fo.

(32)

3. IDEAL AND HARD SPHERE BOSE SYSTEMS

The pair correlation function for an ideal Bose system
at any temperature T is obtained from Eq. (31) in the
following way : Since J(p)=0 we see from Egs. (10) or
(11), that a(p)=0, and hence

F(r)=F(r)=G(r)=Gy(r)=0.

1f we keep the terms of order (NV’)~, which we neglected
before, Eq. (31) yields

(D))= (1-fo)*+2(1— f)LH()+H(0) ]

1
A (0)+ HR () ———— f () s,
N’ p8n?
where

1 1
HO)=— <<np>>d3P=—gs(Z) Jo

8

Hw = [(uerap=—g s, oy
9= [ e ar=als o]

and

1
-~ f ()PP p=g3(5)—g3(2).

In this case, { is equal to 2, the fugacity of the system,
because the diagonal part of the interaction as well as

81t must be pointed out that the last term of Lee, Huang, and
Yang’s expression contains a factor 4f, instead of 2f, resulting
from an error in their calculation.

the off diagonal part of it, are identically zero. We then

find that
(D(N= 1+[~—g;(z —w*)] ng,(z,ﬂr*)
Lei(z)—g(x)].  (33)

—;53;(2)8;( %, “'f*)

By using the value of f; given in Eq. (30) and H(0) we

find
fo=(1/pN)gs(z)= (N'—No)/N'.

If we introduce a parameter « by means of the relation,

PN3N

z=€9,

we see that Eq. (33) can be written as

((D(r)))=1+-];1l-2[{NU+EZ g (sim) }2

n=1

Q
_IVO N0+N’__):.. z }e‘-an] e (34)

which is the pair correlation function for an ideal Bose-
Einstein system in precisely the form recorded by
London.? In Eq. (34) x=mr2"2

For the gaseous phase, (i.e., at temperatures above
the condensation point)- Ny is of the order of (N')™! so
that fo can be taken to be equal to one. Hence, we find
that Eq. (33) reduces to

<<D(r>>>=1+[;%g;(z, ;r*)]+o(%) (35)

which agrees with the result obtained in I by the binary
collision expansion method.

Next, we want to apply our results to the case of a
system of bosons interacting via a hard sphere poten-
tial, restricting ourselves only to the gaseous phase.
The problem of evaluating the equilibrium properties
of a system of this kind has already been thoroughly
studied by Lee and Yang€® using the pair theory.
Since this method is completely equivalent to the
quasi-particle method, we shall be able to use some of
the results obtained by these authors.

The calculation of the pair correlation function is
easily performed. For a hard sphere system of bosons
we know that »(p)=16ma, so from Eq. (6) we get

J (p)=16map,,

which is expressed in terms of p, with the aid of Eq.

(29) as
J (p)=16map(1— fo),
where a is the radius of the spheres.

9F. London, J. Chem. Phys. 11, 203 (1943).
T, D, Lee and C. N. Yang, Phys Rev. 112, 1419 (1958).
1 J, Peretti, Phys. Fluids 3, 68 (1960).
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On the other hand, let us introduce Lee and Yang’s
parameter 7,2 which is defined by

"7=N0/N’1
so that
J(p)=16map.

As they have shown, =0 for the gaseous phase, thus
J(9)=0 and as before a(p)=0, and fo=1.

Therefore, Eq. (31) reduces in this case to the follow-
ing expression:

(D(r))=H*(0)+H*(r)=0(1/N"),

where { is a parameter which has to be determined.
If we use the values found before for H(0) and H ()
with { replacing 2, and use the fact that to first order in

a/\, (6),
p=2"g;(¢), (36)

a result which follows from the condition that fo=1,
we find that

(D)= 1+[$g§(;, ) ]

The relation between ¢ and 2% to first order in a/A
it is found to be

§=2(1—(8a/N)gi(2)),
which substituted into Eq. (37) gives

(D))= 1+[;i;g*(z’ i’r%) ]2

16a @ ( r %) ( r *) (39)
- 83\2)83\ 2, ™ g %, 7 }. 39
2\ A ! A

This is the pair correlation function for a hard sphere
Bose gas up to terms of the order of a/\. This result
does not agree completely with the one obtained in I
by the BCE method. The discrepancy between the two
results and a relation between them, if any, will be
discussed in Sec. 5.

(37)

(38)

4. COMPARISON WITH THE EXPERIMENT

In this section, we want to compare the values for the
pair distribution function, calculated in I by the BCE
method and in this paper by the pseudo-potential
method, with the experimental values for liquid Het
given by Goldstein and Reekie. The comparison will
be done at a temperature of 4.2°K and a fixed density,

12 This parameter is called £ in their paper.

18 Apparently, ¢ would play the role of the fugacity in the
gaseous phase since the off diagonal part of the interaction J(p)
is proportional to the equilibrium value of %, which is zero in
this case, but the diagonal part of the interaction, which is inde-
pendent of 5 and included in H,, in (5), contains a term propor-
tional to the square of the total number of particles and therefore
contributes to Inz by the amount 8a/Agy ().

M L. Goldstein and J. Reekie, Phys. Rev. 98, 857 (1955).

GARCIA-COLIN

namely, that of liquid He* at this temperature under
the vapor pressure. The selection of this temperature is
to assure that we are well above the condensation tem-
perature so that the system is in the “gaseous” phase,
ie., the fugacity is such that |z| <1.

One must point out at this stage that the relation
between the pair distribution function defined by
Goldstein and Reekie, #(r,T), and our definition,
p@(r,T) is such that the following relation holds true,

n(r,T)=pD(r,T), (40)

where p is the density at the temperature T.

Let us consider first the pair correlation function
calculated from the pseudo-potential method expressed
in terms of { by Eq. (37). The parameter { as we know,
is related to z through Eq. (38). We shall see presently
that within the approximation considered in this calcu-
lation, Eq. (40) is just the pair correlation function
for the ideal gas at the same temperature and density.
In fact, consider an ideal Bose gas under the same con-
ditions, i.e., with a density equal to that of liquid He*
at 4.2°K. We know that in this case D(r)!® is given by

1 r 2
D(f) = 1+[—g%(Z07 ﬂr})] )
PA® A

where 2, is the fugacity for the ideal gas. The connec-
tion between 2o and p is given by

(41)

p=N"g3(20). (42)

This equation can be written in an alternative way if
we introduce a parameter, T, called the “condensation
temperature” for the ideal gas. If T is given by

Jxs N \}
——(—), #3)
2rmk \2.612Q
then Eq. (42) reads
(To/T)s=1/2.612g3(%0). (44)

On the other hand, we know that for the hard sphere
Bose gas, to first order in a/A, the density of the system
is determined by Eq. (36). Thus it follows that

§‘=ZO)

z0=2[1—(8a/M)gy(2) ]. (45)

This means that the value for D(r) calculated from
Eq. (37) with a value of { determined from Eq. (36)
is the same as the one calculated from Eq. (39) with a
value of z determined from Eq. (45). Thus, we see since
¢=2, that to first order in a/\ the pair distribution
function obtained from the pseudo-potential method is
the same for an ideal gas under the same conditions of
temperature and density.

The evaluation of D(r) is straightforward once { has

and hence

15 From now on, we shall omit the grand canonical ensemble
average symbol (( )).
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TaBLE 1@ TasLE II.»

r D(r) n(42°K) r D(r) n(r,4.2°K) 7 D(r) n(r,4.2°K) r D(r) n(r4.2°K)
0 2 3.768 5 1.0154 191 0 —00 —00 5 1.249 2.35
0.5 1.9715 3.714 6 1.0055 1.89 0.5 —-9.11 —17.16 6 1.113 2.097
1 1.8057 3.402 7 1.002 1.886 1 0.1068 0.2012 7 1.052 1.98
1.5 1.5935 3.002 8 1.00087 1.885 1.5 2.614 4,925 8 1.0246 1.93
2 1.3969 2.63 9 1.0004 1.8844 2 2.953 5.56 9 1,011 1.906
3 1.110 2.09 10 1.00016 1.884 3 2.136 4.02 10 1.0056 1.894
4 1.040 1.96 © 1 1.884 4 1.538 2.89 ) 1 1.884

- a We give the values for D(r) calculated from Eq. (37) and the corre-
sponding values for 2(r,4.2°K) calculated from Eq. (40) with p =1.884 X102
atoms/cc 7 is given in A and #(V,T) in units of 102 atoms/cc.

been determined. If we use Egs. (42) and (44) we get
an equation for {, namely

© g‘" To\ ¥
a®O=x —=2.612(?0) .

n=1 n’}

“At T=4.2°K the density of liquid He?is 0.12518 g/cm?
and with these values one finds that 7= 2.842°K. Thus,
we get that

n

2. —=148,

n=l §

(46)

The functions g,(z) have been studied and tabulated
for some values of z by Truesdell'® By using the
formulal®

o (Inz)"
gs(Z)=I‘(—%)(—an)*+§)§(%—n) )

n!

(47)

where ¢{(s—n) is the Riemann zeta function, and an
interpolation method we found that the value of ¢
satisfying Eq. (46) is equal to 0.8672. Thus, with
expressed in A it is found that Eq. (37) may be written
as

D(r)=1+0.4731

» (0.8672)" 7\ P
X[Z — exp(—0.17335—)] . (48)
n

n=1 n

The evaluation of Eq. (48) was performed by direct
summation for values of 7 up to 3 A and for >3 A; the
value of the series was calculated by using Poisson’s
summation formula. That is, for >3 A we have that
)t 4w
g1(6,5)=— X exp[—2s(—Inf+2rim)*], (49)
S mm—x

where
s=rri/A. (50)

The results are given in Table I, where #(7,4.2°K)
calculated with the use of Eq. (40) is expressed in units
of 102 atoms/cc.

We shall calculate the values of #(r,4.2°K) by using

16 C, Truesdell, Ann. Math. 46, 144 (1945).
17 The symbol {(s—#) should not be confused with the pa-
rameter { defined by Eq. (24).

a We give the values for D(r) calculated from Eq. (51) and the corre-
sponding values for »(r,4.2°K) obtained from Eq. (40) with p =1.884 X1022
atoms/cc 7 is given in A and #(»,7) in units of 102 atoms/cc.

the result for the pair correlation function obtained in
I. We recall that the result is given by

1 2 8 '
D<r>=1+[~g;<z,s>] ~ 2 a8 (5s)
oNF POV

8a A
- '—[gi(z:s)jzy (51)
oA r

where s is the same variable defined in Eq. (50).

From the expression for the grand potential ¢ ob-
tained by the BCE method to first order in a/A,'3 it is
possible to show that the relation between p and z is
given by

8
p= ’Va[g%(Z) —-;g%(z)g; (2)]+0(02/ A%).

*However, this equation is the same as Eq. (36) if z and

¢ are related by Eq. (45). It is then convenient to ex-
press Eq. (51) in terms of { and make use of the results
obtained in the preceding case. We find that Eq. (51)
reads

1 2
D=1+ (6o |
PN
8a 8ar 1 2
T e e B
PNt r LoA®

where in Eq. (52) the first two terms are precisely the
value of D(r) obtained from the preceding method.
Since g3(¢,s) is already known, it remains only to
evaluate the series g3(f,s). Again this was done by
direct summation for values of r up to 3 A and by
Poisson’s summation formula for >3 A. For this case
we have

)=} T (~Ing+2mim)

Xexpl—2s(—Inf+2wim)¥], (53)

where s is given in Eq. (50). The results are given in
Table II using the same units as in Table 1.
18 K. Huang, T. D. Lee, and C. N. Yang, ‘‘Stevens conference on

the many body problem” (1957); also, T. D. Lee and C. N. Yang,
Phys. Rev. 105, 1119 (1957).
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lo

F16. 1. The curves for the pdf of a hard sphere Bose gas ob-
tained by the pseudo-potential and BCE methods, to first order

in “g,” are given at a temperature of 4.2°K. n(Y¥,4.2°K) is given

in units of 102 atoms/cc and 7 is given in A.

In Fig. 1 we have plotted the results obtained by the
two methods, the two curves being drawn to the same
scale. The comparison with the experimental results
cannot be accomplished for those values of r smaller
than 2.5 A since the correlation functions for helium
obtained from the experimental x-ray scattering in-
tensity data have not been verified for this range.!
The comparison is thus performed in the range 2.5<r
<10, where, according to Goldstein and Reekie, the
experimentally obtained correlation functions should
be good approximations to the actual ones for helium.
The results are shown in Fig. 2 where the values for the
experimental pdf were taken from the paper by Gold-
stein and Reekie!* for r>6 A and from the paper of
Reekie and Beaumont® for »<6 A. The agreement is
good for large values of 7 (i.e., »>6 A), but it is poor
for small values of r. However, this was to be expected
since in the BCE method we have calculated the con-
tribution to the pdf only to the first order in a. With
this approximation we have thus neglected terms of the
order of @* @ --- and so on, which appear when we
take into account not only collisions between more
than two particles, but also the contribution to scatter-
ing from higher angular momenta. These contributions
involve greater values of the relative momenta between
the particles and, therefore, they have a greater effect
on the pdf at short distances if we are dealing with a
system at a finite temperature. Besides, the pdf func-
tion would be modified for small values of r if there
were an attractive potential outside the hard core
considered in our case.

On the other hand, the pseudo-potential method
yields a result which to first order in @ reduces to the

1 J, Reekie and C. F. A. Beaumont, Proc. Phys. Soc. (London)
A228, 363 (1955).
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ideal gas case. This is because in the gaseous phase the
momentum of the particles is not small and the pseudo-
potential is equivalent to a hard core only for small
relative momenta. At “high” temperatures, the mo-
menta are large enough to allow the particles to over-
come the repulsive action of the pseudo-potential,
which is seen to become softer and softer as the tem-
perature increases. Furthermore, the thermodynamical
model that we have used here, following Yang and Lee,!°
has besides the above shortcoming, another defect
which shall be discussed in Sec. 5.

5. DISCUSSION OF THE RESULTS

In this last section we wish to discuss the two results
obtained for the pdf by the BCE and the pseudo-
potential methods. However, our considerations will be
more extensive than those required for the explanation
of the discrepancies between these results. We shall
obtain a very precise relation between the two methods
which, to first order in a/A, is able to tell us what we
must expect when any equilibrium property of the
system is evaluated through their use.

We recall that in the BCE method the general N
particle U functions are expressed in terms of the
binary kernel U, which in turn may be expressed in
terms of the binary kernel U, which in turn may be
expressed as a power series in the particle radius “a”
for the case of hard spheres. Such expansion is graphi-
cally represented in Fig. 1 of I and may also be expressed
as follows,

Us=alU,O+a2l/;®4. ... (54)

Since our calculation has been performed to the first
order in “a,” we have kept in this series only the term
represented by U,

On the other hand, let us calculate the effective inter-
action between two particles in momentum space if
their interaction potential in coordinate space is the
pseudo-potential interaction. By using the integral equa-

25—
Z.T'
of 2Ir COLLISION EXPANSION
<
& T reres
L7 L AL
o

F16. 2. The results shown in Fig. 1 are compared with the ex-
perimental values given by Goldstein and Reekie* and Reekie
and Beaumont® for helium at 4.2°K.
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tion for the propagator K (r',8’; r,8) in r space, i.e.,
K(r'g'; 1,8)
=Kol 5 10)— [ K85 180V (")
Q

XKo(r"B"; 1,8)dg"d*™r", (55)

where r=(r;,- - -,ry) and Egs. I-(26), we find that
K(K,8'; kB)
=Ko(K,8'; k,8)— f K(K'6'; p'8")H1(p,p)
0

XKo(p,B”; k)B)daNPdaNP,dﬁ’])
where k= (k;,- - -,ky) and

(56)

Hi(p,p') = (2x)5 f Y (DendVy,  (57)

For the case that N=2 and V (r) is given by
V (r)= (16mwah?/2m)d (r).
Equation (57) reduces to

H[(k;,kz 5 k],kQ) = (167rdﬁ2) (2‘"19)—1

X (2m)7% (ky'+ ke —ki— ko), (58)

which is the desired effective interaction.

Suppose, then, that we now form the series analogous
to the one in Eq. (54) for the binary kernel with a
pseudo-potential interaction, which we schematically
represent by Fig. (3a). It is then easy to show that the
diagram represented in Fig. (3b) and which corresponds
to U, in Eq. (54) when calculated with the interaction
given by Eq. (58) gives precisely the same result ob-
tained from the BCE method to first order in “a.” So
far, then, the results obtained by the two methods
ought to be the same.

However, in the pseudo-potential method the pa-
rameter 7 defined to be No/N’ has been shown by Lee
and Yang! to be equal to zero in the gaseous phase.
This means, according to their expression for the
Hamiltonian of the system,® that the only contribution

{a)

F16. 3. (a) Schematic representation of the pseudo-potential in-
teraction. (b) Diagram of the order ‘‘a” appearing in the power
series expansion in “@” of the binary kernel with a pseudo-poten-
tial interaction.

(b)

2 The notation I-( ) means Eq. () of I.
2 See Eq. (14) of footnote 10.

Ka Xg kg L
Z .'.‘B Ka kg

(@) (b)

Fi6. 4. (a) Direct diagram corresponding to one diagonal ele-
ment of V’. (b) Exchange diagram corresponding to a diagonal
element of V',

besides the kinetic energy term, comes from the di-
agonal elements of the interaction potential V’. But
since

8ma
V'= —Q‘" E aa*aﬁ*a‘.ay53(ka+ kg— kg— kv)

it is easily seen that these diagonal elements belong to
two diagrams only. The first one is that for which
k.=k,, ks=k, corresponding to a zero momentum
transfer. This is the so-called direct diagram. The
second one is the exchange diagram for which k,=k,
and kg=k,. This diagram may be considered to have
zero momentum transfer if we define this quantity to
be the difference in momentum between the left (or
right) incoming particle in the final and initial states
disregarding the exchange effect. This is shown in Figs.
(4a) and (4b). Thus, what we shall say from now on
will apply to either case.

From the foregoing discussion we see that in the
gaseous phase we must restrict ourselves to those dia-
grams in which the momentum transfer is zero. If we
add this restriction to the effective interaction between
two particles in momentum space given by Eq. (58),
we must multiply this equation by a Kronecker delta
9x,'—x,. We obtain then

16wah?
Hr(kl'ykz';kl,k2)=——32 0 (ky'— k1)d (ko' — ko). (59)
m,

We reach then the last step in our discussion. In order
to compare the two results for the pdf we must have a
value for the classical binary kernel U, for the inter-
action given by Eq. (59). Since we know that

UZ(kl’ykﬁlyﬁ; k],k2,0)=K(k1,kz',B; kl:k2,0>
—Ko(ki/B; k1,0)Ko(ko'B; k,0)  (60)
and the free particle propagators are known [cf. Eq.

(I-28)], we have just to solve Eq. (56) with the value
of H; given by Eq. (59). One finds that

K(k1,7k2’76; kl’k230)
h2

B 16m
=6(k1’— kl)a(kz’—' kz) CXP[—;—(k12+k22+
m

+))
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and
U.(ky ko' ,8; ky,ks2,0)
B2 167a
=9(ky—k;)a(ky’—kz) {exp[——(kf-l—kf-l———— ]
2m Q

B7?
- exp[———(kﬁ-{- k?) ] } (61)
2m

In order to avoid confusion, from now on we shall call
this result Upp, and the one obtained by the BCE
method Usgcg. This latter one is found to be given by

a ﬁh2
UBCE= -—B(K’— K) exp(____K2) (kz_ k/g)_l
? 4m

ol ) (2

where K, K’, k and k' are defined in terms of k;, ks, k’,
and k.’ by means of Eq. (I-33). The momentum transfer
is given by p=k,’— k,=k'—k (since K=K’), and thus
we see that

hZ

2a
limUpcg=———0(K'— K) exp[ —87%%/2m(k2+ k) ].
0 ™ 2m

Furthermore, since we have taken p=0 we can multiply
this equation by a Kronecker’s delta of p, i.e., by

ap"—‘ akr_k= 873019 (k'—
and get finally that

[3 72
llmUBCE— ——Q—z—a(kl —kl)a(kz _kz)

BH?
XCXp[——(k12+k22)]. (62)
2m

If we expand Eq. (61) in a powers series in “a,” we see

that the term of order @ is just the same as Eq (62).
Thus, we have shown the following relation

limUnce=Upp, (63)
0

which is valid up to terms of order a. This equation
implies that if we perform the calculation of the pdf
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for our system using the pseudo-potential method, to
first order in a, we are considering only those diagrams
for which the momentum transfer vanishes. Physically,
it means that the collisions between the particles are
elastic, and thus the gas behaves as an ideal one. This
is the reason why the pdf given in Eq. (37) reduces to
the formula of London.

One may also conclude that if any equilibrium prop-
erty of a hard sphere Bose system is calculated, up to
terms of order @, using the two methods, the results will
in general be different. Any relation between them is
to be considered as merely fortuitous. This is illustrated
by the following example.

The grand potential for a hard sphere Bose gas has
been evaluated by using the BCE method!®?2 yielding
the following result:

=" g3(2)— (4a/N) (3(2))*]H0(a?/N).  (64)

This calculation may be repeated using U, which is
seen to differ from the free particle propagator only by
the factor

J=—(167a/Q) (#*8/2m).

If the calculation is performed assuming that the cor-
rect potential is the sum of the direct and exchange
parts of Uy, we get precisely Eq. (64). Thus, two dif-
ferent methods lead to the same result, but as we have
pointed out before, this is merely fortuitous.

It is perhaps noteworthy to emphasize that for the
particular case of the pdf of a hard sphere Bose system
the BCE yields a correct answer, independently of the
order in @ to which the calculation is considered.
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The pair distribution function for a quantum Bose gas is expressed as a power series in terms of the fu-
gacity, the coefficients of which are temperature dependent. For the hard sphere case, these coefficients have
been evaluated to the first order in a/A, (¢ being the scattering length and A the thermal wavelength) by
using torons with two fixed points, or alternatively U cluster functions. The result gives the first order cor-
rection to the ideal gas formula of London and Placzek introduced by the interactions between the particles.

1. INTRODUCTION

INCE the evaluation of the pair distribution func-
tion for an ideal Bose gas by London and Placzek,!
very little seems to have been done in this connection,
particularly when interactions between particles are
introduced. The main reason for this has been the lack
of an adequate method treating the many-body problem
in quantum statistical mechanics. Recently, however,
two such methods have appeared, the binary collision
expansion of Yang and Lee? and the method of “torons”
developed by Montroll and Ward.? These methods pro-
vide powerful tools for the calculation of thermodynamic
properties of interacting systems in equilibrium.

In this paper we calculate the pair distribution func-
tion for an interacting Bose system using the binary
collision-expansion method. We shall apply this method
to the hard sphere gas and we shall evaluate the coeffi-
cients of the expansion in a power series of the fugacity
to the first order in a/A (@ being the scattering length
and A the thermal wavelength). The result will give the
first order corrections in “a” to the ideal gas, which are
caused by the repulsive core.

2. FORMULATION OF THE PROBLEM

We consider a system of N particles of mass m whose
Hamiltonian is

N pﬁ
HZZ —+V(l'1,' - ’,I'N)=T+V,

=1 2m

M

where the potential energy V is of the form,

) =2 V(irn—r).

i>7

V(l'l,' . (2)

* This research was supported by the U. S. Air Force under
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the Ph.D. degree.
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Physique-Montpellier, France.
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The propagator® for the system is then defined by

Ky(r',n)=22 &n(r)@n(r)e?%n, &)

where {¢.} is a complete orthonormal set of eigen-
functions of the Hamiltonian operator H obtained from
Eq. (1), 8= (7)™, r=(ry,--+,ry), E. are the eigen-
values corresponding to the set { ¢} and the summation
is to be carried out over all symmetric or antisymmetric
wave functions depending on whether the particles
satisfy Bose Einstein or Fermi Dirac statistics.

The quantum mechanical distribution function for %
particles is defined by the following relation:

f...fWN(v

X (rl’. BRI SY38 SR 'rN)derH-l' . .der’

1
PN(h)(l'l,' .. ’rh)=_..___
Zn(N—h)!

4)

where Zy is the partition function of the system and
W@ is a function which is related to the propagator
Ky of the system by

’ ’.
WN(Q)(rI IR VS ST ')rN)

=N!KN(1'1" . 'I'N'; ) S R I‘N). (5)

If one defines a quantity Wy,o?(r) - -1a"; 1y, -,1w)
for free particles as follows:
WN,O(CD (rl" .. rN’; I-- .rN)

=K1(r/,;1) K1 (1s,15) - - Ko (xn',1),  (6)

where K1(r/,r;) is just the free particle propagator for
an interval of temperatures of length 8%, given by

a\? a
Ki(r!,r;)= (—) eXp[——(ri’—ri)ﬁ] (M
2r 2
and
a= (2x/N?) = (m/H°B) (8)
then, Wx‘? is also given by the relations
IVN(q) (l",l') = Z (:b 1)‘PTIIPT'WN(CI) (r,yr)v (9)

(P}

where 3" (p,,) is 2 summation over all permutation of the
final coordinates, the (+) sign corresponding to bosons
and the (—) sign to fermions, and where Waled(r',r)
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M = H + H + % .
e b o b e b q b

Fi6. 1. The binary kernel or total binary
interaction, U,® (a'¥’; a,b).

is defined by the following’expansion :
Wb (r',r)

£ i'ﬂ-‘=3
=3 (—1)* f T W@ ()Y (r)
n=1 )

V(Wi o (171,)
XdBy: - -dBndPrt- - L

XWa, o (L 12) - - -
(10)

Equation (9) is a very important one. It represents the
fact that in calculating the propagator for a system of
N quantum interacting particles one may neglect sta-
tistics at all intermediate stages. The statistics of the
final state is obtained by simply permuting over all the
final coordinates of the particles and summing over
all these permutations. This equation has been empha-
sized by Yang and Lee.?

Let us denote by Wx® the function Wx(? for a
system of N interacting bosons. The pair distribution
functions of the system is given by

1
pN<2>(n,r2)=______f...f
Zy(N—-2)!

Wx® (1, - crn)rye - Pry. (11)

The evaluation of the corresponding quantity
p?(r,ry) for a grand canonical ensemble, as a power
series in z, the fugacity of the system, was performed
by Fujita, Isihara, and Montroll* by using the method
of “torons.” An alternate derivation has been pre-
sented by the authors® using a method which is very
similar to the Mayer-Kahn-Uhlenbeck cluster integral
expansion of the equation of state for imperfect gases.

The result is the following:
PO (r1,12) = p*+F@ (1y,12), (12)

where p is the thermal average of the particle density
of the system and F@ is a function given by

“In; | ST

]
F®(r,r) =3 ¥4, (r,1),

= (13)
res  rezy r2s y2¥
R T e

Fi16. 2, Diagrammatic representation for the function
WD obtained by Yang and Lee.

4S. Fujita, A. Isihara, and E. W. Montroll, Bull. classe sci.
A-ad. roy. Belg. 44, 1006 (1958).
8 L. Colin and J. Perettl, Compt. Rend. 248, 1625 (1959).
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where 4,@ (r,,r;) is a generalized cluster integral

Apm(,l,rg)z;l_! [

Up+2(B)(l'1,l’2,t1,' . 'tp)datl' - dPp. (14)

The function U,;2® appearing in Eq. (14) is the
short hand notation for the diagonal part of the
generalized cluster function U for p+2 particlesfas

defined by Yang and Lee,? namely
Up+2(B) (tl,IZ,tl' .

The problem of evaluating the pair distribution
function for an interacting system composed of bosons
reduces to the evaluation of the function F® defined in
Eq. (13) and to this task we shall devote the following
sections.

'tp; l'1l'2,t1' . 'tp).

3. DIAGRAMMATIC ANALYSIS OF THE
FUNCTION Un(r: - -1rx)

The first step in the calculation of F@(ry,ry) is to
find a way of computing the generalized cluster integral

t23 213 132 321 231 312
T 7| P ‘| /X\
P23 123 123 23 (%% 133
12 213 132 3291 231 312
+ + +H}{I+ J+ > >‘.]+ ]+
123 |23 123 123 123 123

+ 6 more diagroms with interaction lines between 2 and 3 + 6
more with interaction lines between | ana 3 + O(-;’:)z

F16. 3. Diagrammatic form of the function W;® after
statistics have been considered in the final states.

A2 (r,ry) given in Eq. (14). The binary collision ex-
pansion method? provides a tool for such a computation
and we shall obtain a general expression Ux® (1- - - r¥)
in terms of the total binary interaction, which is
schematically represented by the diagram in Fig. 1.
In this figure, the diagram with # interaction lines cor-
responds to the (z+1)th term in the expansion, Eq.
(10), for N=2 (the two body problem).

Although the method that we shall describe is quite
general, we are interested only in applying it to the
calculation of the pair distribution function for a system
of hard sphere bosons to the order of a¢/A at most.
Therefore, we shall only keep those terms which are of
this order.

We first express the function Wy‘?(ry) in terms of
the classical U functions in the same way as is done in
Mayer’s theory of the imperfect gas. Then, from Eq.
(9) we construct Wy® for the boson case which in
turn yields an expression for Ux®. This gives us the
function Ux® for a boson system in terms of the
classical U’s. The next step is to obtain Us(eD, U (D,. ..
in terms of U, and this has been done by Yang and
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Lee.? Finally, since we know that U, is of the order
a/\, UV of the order a?/A? and so on, we omit all
those diagrams containing U,‘*? two or more times; in
principle, we are left with a series of diagrams, all of
order a/\ at most, and this is the required expression
for Ux'®.

To be more explicit, let us consider the case N=3.
From the results obtained by Yang and Lee we have in
Fig. 2 the expression for W;(D,

According to Eq. (10), W3® is obtained from Wj(ed
by adding together all possible permutations of the
prime coordinates. In this way, we obtain 24 diagrams
of order a/X at most. We then identify each primed co-
ordinate with the corresponding unprimed one, i.e.,
r/=ry, 1y’=r1, r;’=1;. The aforementioned permuta-
tions, then, give rise to permutations among the un-
primed coordinates and these are represented by dotted
lines. The result is shown in Fig. 3.

U=
2 { 2 2 1
RN N M M
Urine)=| < + + LA
; i 2 I 2
[ 23 132 213 312

@ IN kN ¢
Ub (_'!,Lz{s_)' ; L+ } o+

YIS
A
L] Ay
’\

=

N
o
N

i

\ < A
4
X + J
4\ 71
2 |
2

= >
Sy (e

1 231 3 | 321
.Y y LN, N \[q
+ 1+ 1/ ,I + l'\( d + H’l + [, \
'1\ Y AN AN /! / N SN
3 23 ] 3 123 123
213 3 31 2 §
/] \ ] A 7 L
+ + + + Uy
M ’ AN ’
12 3 23 1t 23 123

F16. 4. Diagrammatic representation of the functions
NB N=1,2 3 obtained from W;®

From the equations relating the U® functions with
the W functions® in the Bose case, we find that the
Un® functions for N=1, 2, 3 are the ones shown in
Fig. 4 where U® (r1,r3) and U,® (rz,r;) have the same
representation as Us® (r1,rs). The structure of each
of the Ux'® functions is clear from this example and
we can, therefore, conclude that for any integer N we
can represent this function as a sum of diagrams. This
is shown in Fig. 5 where the first summation is over
all possible distinct cycles in which all N particles are
involved (connected diagrams). The second sum is over
all possible diagrams containing two disjoint cycles,
the interaction being between two particles in this
cycle. The third sum is over all possible diagrams
which contain one cycle, the interaction being between
two particles in this cycle. Using this expression for
Un® we shall proceed in the following sections to eval-
uate.the generalized cluster integral 4 ,@ (ry,r,).

& These equations are explicitly written in Eq. (1-6) of foot-
note 2.

\1,

/I/l

O Z A+ Z 444
-3 A

F1e. 5. The function Ux® (ry,---ry) for any integer N, is
represented as a sum of three terms, each one being a sum over
different kind of diagrams.

4. CALCULATION OF THE FUNCTION F®(r,rs)
FOR A HARD SPHERE BOSE GAS

A. Contribution of the First Kind of Diagrams

The first term appearing in Fig. 5 will give that con-
tribution to the function F®(r,rs) corresponding to
the ideal gas. The diagrams that are contained in such
term will be called of the first kind. The evaluation of
the generalized cluster integral -4,® (r,r;) for this
kind of diagrams is readily done, but we must remember
that the coordinates of particles 1 and 2 remain con-
stant in the integration.

Let us consider a typical first kind diagram which is
shown in Fig. 6a. In this diagram, there are #, particles
between particles 1 and 2; n, particles between 2 and 1
and #;+#n.=N. The integral of this diagram over all
coordinates, except 1 and 2, is equal to the product of
the propagator for a free particle and a “reciprocal
temperature interval” #;8 and the propagator for a
second free particle and a “reciprocal temperature in-
terval” n,0. Let us introduce the convention of repre-
senting an integrated diagram of the kind appearing
in Fig. 5 by a “toron,”” i.e., a closed loop containing as
many cycles as particles in the diagram. The integrated
diagram corresponding to Fig. 6a is shown in Fig. 6b
and its contribution to the generalized cluster integral
A,? is given by

() G
27!'”1 21!"”2

@ o
XeXP[“—(fx— 1)’ ———(r—~ 1'2)2]. (15)
2”1 2”2 .

As it is shown in Appendix A the total number of dia-
grams of this kind, for a fixed value of #, and #n, is
(N—2)! so that the contribution of the first kind of
diagrams to the generalized cluster integral 4, is

A4

| = ﬂ‘

@ (b}

Fic. 6. (a) A typical diagram of the first kind. #, is the number
of particles between 1 and 2; %, the number of particles between 2
and 1; and #1+ne=N. (b) The integrated diagram shows ex-
phc1tly peints 1 and 2 and the corresponding cycles n1 and n..

7 See footnote 3 for a discussion of this concept.
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p+2°

m= 1 (27m1) (21m2)

m +nz= ﬁ

after letting V=

XGXP[“—(I'I—H)Z——a—(rl“ 1'2)2}, (16)

71 21,

where {n:+n,=p+2} denotes all possible sets of values
of ny and 7, such that their sum is equal to p+2. By
calling Fo®(r1,1s) the function F® for the ideal gas,

we have after substituting (16) into (13) and setting
gPH2— Z”‘+"2,

w n1+n2+1 21’”
FO(Z) (l'],l'z) =
n1+n2+2=0 n1=1 271’

Xexp[———(n—rz){lf—% exp[—zi(rl rz){l

211 (2 1%

By rearranging terms and using the function

o 2"
8o(5,) =% — exp(—s*/n), an
n=1 p°
we obtain
712 2
Fo® <n,r2>=x—ﬁ(gg[z, o |-

where 715=| 11— I3].

By writing the pair distribution function p® (r,,r)
in terms of the pair correlation function g®(ry,rs),
we have

p@ (11,12)=p%g® (11,12, 19)
so that
g2 (11, 1) =14p72F® (1,12). (20)

Thus, from Egs. (18) and (20) we get the pair cor-
relation function for an ideal Bose gas

w gt a 2
2P (e ) =14— ( ) [ —exp(~—r122)] , (21)
2w/ L=t 2n

which is the well-known formula of London and Placzek.

B. Transformation Formulas from Coordinate
to Momentum Space

The evaluation of the contribution to the function
F®(r,,1,) resulting from the second and third terms in
Fig. 5 is most easily performed in momentum space;
therefore, in this section, we shall give the necessary
formulas to perform such a calculation. Let us consider
the eigenstates of the coordinates, the momenta and the
energy which we shall denote, respectively, by |7), |£)
and |»). These eigenstates are related by

(r[n)= @ (7) <k|%>=§(/”(k),

8 Because we need /'Up 2B (r1,rs,- - -, xw )% -
have calculated S'Ux® (11, - - tn)ds- - -dira.

(22)

&%y and we
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where ¢,(r) is the properly symmetrized eigenfunction
of the Hamiltonian H of the system corresponding to
the eigenvalue E, and y.(k) is its Fourier transform

Un(B)= (2m)-onn f on(Petdy,  (23)

It must be emphasized that Eq. (23) is valid true re-
gardless of whether the wave function ¢.(r) obeys
Fermi-Dirac or Bose-Einstein statistics, provided that
it is properly normalized.

Starting from the definition, Eq. (3), of the pro-
pagator for the system, it is easily shown that

K(r',n)=(c'|e*]x).

Thus, we can define in a similar way a propagator in
momentum space by

R (K k)=(k'|e*% k),
which is related to K(r',r) by

(24)
(25)

R (K k)= (2r)—¥ f i Tk K (¢ D)@y (26a)

K(,1)= (2m)~¥ f gt =it (K K)PVRINE.  (26b)

It is also possible to define functions Wy (k',k) and
Uy (k' k) in terms of Ky (K k) just as Wx(r',r) and
Un(r',;r) have been defined in terms of Kn(r',r). It
follows that the pairs (Uy,Ux) and (Wx,Wy) satisfy
the same duality formulas analogous to Eqgs. (26) as
the pair (K,K) does. For example,

ZjN(k’,k)= (z,r)—ste—uc'-r'+ik-rUN(rf’r)

XdVrd2Ny  (27a)
Un(t',5)= (2m)=¥ f ek Uy (' )
XBVRPVE.  (27b)

Equations (26a) and (27a) enable us to calculate the
free particle propagator and the binary kernel in mo-
mentum space from their corresponding expressions in
coordinate space. By using Eq. (7) it is easily seen that
the free particle propagator in momentum representa-
tion is just given by

KK k)=38(k'—k) exp(—F/2a).

Since the binary kernel U,® (r,'r,’; r;r;) depends on
the special kind of interaction which exists amongst the
particles in the system, we shall only limit ourselves to
the case of hard spheres. For particles having radius
“a,” the hard sphere interaction is defined by

V(Il'r—rjl):w for |ri—r;|<2a
=0 for |ri—r1;|2>2a.

(28)

(29)
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Under these conditions it has been shown?® that the
binary kernel in coordinate space, to first order in “a,”
is given by

U (r,r'; RR)=— ()aa

Xexp[—a(R— R’)ﬂ—-—exp[—a(r—l—r’)z] (30)

where r, 1/, R, and R’ are the center of mass and relative
coordinates of the interacting pair of particles.
By substituting Eq. (30) into Eq. (27a) one obtains

Uy (ky', ky'; Ky ks)

K12\ AGy
_6<K12_K12)exp( = (31)
where
ol ) ol )] o
=——%€X —— J—€X] -
’ k12— By P ’
and
K12= k1+k2 k12=%(k1— kZ) (33)

Km' = k1'+ k2' k12,= % (kll_ kz') .

Equations (28), (31), and (32) are all the expressions
that we shall need in subsequent calculations.

C. Contribution of the Second and Third
Kind of Diagrams

Let us consider next the contribution from the dia-
grams of the second kind appearing in the second sum
of the expression for Ux®. In this case, we have two
classes of diagrams which give different contributions,
namely, the first class which consists of all those dia-
grams having particles 1 and 2 in the same cycle, and
the second class which consists of those diagrams in
which particles 1 and 2 are in different cycles (a special
case in this class will be the one where particles 1 and 2
form the interacting pair). A similar classification holds
for the third kind of diagrams, appearing in the third
sum of the expression for Uxy®), but as we shall see,
they may be reduced to either of the two classes for the
second kind of diagrams. We shall consider these classes
separately.

(1) First Class of Diagrams

A typical diagram pertaining to this class is shown in
Fig. 7a where the total number of particles NV has been
divided into two parts, V; and N,. The first one gives
the number of particles in the cycle to the left of the
interacting pair and the second one the number of par-
ticles in the cycle to the right. Thus, N1+N,=N. The
number N, is itself subdivided into three numbers:
n3 which gives the number of particles preceding par-
ticle 1 and excluding it; #; which gives the number of
particles between 1 and 2, including 1 and excluding 2;

9 Jean Peretti, Tech. Rept. No. 119 (1958), Physics Dept.,
University of Maryland.
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e——— N ———> N+ N2
@ (b
F16. 7. (a) A typical diagram of the second kind, first class. #3
is the number of particles preceding particle 1; 7 the number of
particles between 1 and 2 excluding 2; s the number of particles
between 2 and the particle preceding the interacting pair; #, the
number of particles following the particle which is after the inter-
acting pair. (b) The integrated diagram in momentum space.
Since k, and k: are constant in the integration, the number of

particles between 1 and 2 do not have to be specified, so we have
left the diagram “‘open.”

7y gives the number of particles between particle 2,
this one included, and the particle preceding the left
interacting particle. Therefore, the following relation
holds

mtngtng+1=

Similarly N, is expressed as a sum n4+1, where #n, is
the number of particles between the right interacting
particle, which is excluded, and the last particle. In
Appendix A we give another way of visualizing these
diagrams when we discuss the combinational factor
associated with each one of them.

The integration of this diagram over all momenta of
the particles except that of particles 1 and 2 is straight-
forward. If we label by ks and k, the initial momenta of
the interacting pair and by ks and kg the final momenta,
we see that the integrated diagram is equal to the
product of four free particle propagators, in momentum
space, over reciprocal temperature intervals of 7,8, #,8,
n3B and n48, respectively, times the binary kernel for
the interacting pair. That is, we have the following
result:

k2

f 3 (ki—ks) exp(-ins)a(kz—kr,)

ko? ke
Xexp( ————m)a(ks— k,) exp(———m)
20 20

Ug(cl) (ka, kG, ka,k4)d3k5d3k5d3k3d3k4 (34)

and the integrated diagram is shown in Fig. 7b.
Integration of Eq. (34) over the coordinates kj, ky
and kj yields the following expression:

) e

U2(°1) (kl,k6 , kz,ks)d3ke.

exp(——m

(35)

The integration of Eq. (35) and its subsequent trans-
formation to the space representation are given in
Appendix B. If we denote by Di(mymams,ms; 112) the
contribution of the first class of diagrams to the func-
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tion F@ (ry,1y), we get

D1 (n1,m2,05,m45 T12)
4a 1

—— €
N [m (Nl— ’}’Ll)N2]2

p(—ﬁ]\::—)y) (36)

where 5?= (a/2)r1,%. The numbers #,, %, 13, 14 are sub-
ject to the following relations and inequalities:

nitnetny=Ni—1 ny=N,—1
Ny+Ne.=N
1<m<N;—1 0<n.<N;—1
2<N,;<SN—1 0<N,<N—-2
0<n,<N—-1.
The total contribution of these diagrams to the gen-

eralized cluster integral 4,® with a given set of
numbers is

(I/P ’) (N—Z) 'Dl (n11”2,n87n4; 1'12), (38)

where N=p+2 and (V—2)!is the number of such dia-
grams (c.f. Appendix A) by taking into account the
possibility of having the particles 1 and 2 at either side
of the interacting pair of particles. Therefore, the con-
tribution to the function F® is

)

FY®(F,r)=3ZY ¥ Di(m,nemsm; 1), (39)

N=2 [ETERRY )

where the second summation is to be carried out over
all possible set of values of #i, n,, 13, #4 by satisfying
Eq. (37). .

With the aid of Egs. (17) and (36) we finally obtain,
for the contribution of the first class of diagrams to the
function F®, the following expression :

, 4q r12 712
Foy®= ——g«z)g;[z, —(«)*]g;[z, —w], (40)
A7 A A

where

o gt

a(m=2 oy

n=1 §

The diagrams belonging to the first class of the third
kind, give the same contribution as the diagrams of the
first class and second kind. In coordinate representation
this is shown graphically in Fig. 8. It is easy to see that
the propagator for such diagrams could be obtained
from the propagator for the first class second kind dia-

Fi1c. 8. A graphical representation of the process by means of
which a diagram belonging to the first class and third kind is
transformed into a diagram of the first class and second kind.
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grams by means of the transformation r' — —1r’ and
r— —r. This transformation leaves the binary kernel
invariant and thus the contribution is the same and it
is given by Eq. (40). Hence, the combined contribution
of the first class, second and third kind, of diagrams is
given by

F 1)@ (ry,12)

8a 712 712
= ——g;(Z)g;[z, —(w)*]g;[z, ~<7r>%]. (1)
A A N

(ii) Second Class of Diagrams

A typical diagram of this class is the one shown in
Fig. 9a. The numbers #y, #n, #3, 14, N1, and N, have a
meaning similar to the ones in the preceding case and
which may be inferred from the figure. They satisfy
the following set of relations and inequalities:

mtnyt1=N; nztn+1=N,
Ni+N=N '

0<m<N;—1 0<m<N;—1

0<n3<N,—1 0<n<N.—1.

*nian -» -Nyp2 -

(42)

Ny Ny

¢—N—> @——N,—» n Ny
(o)

Fic. 9. (a) A typical diagram of the second class and second
kind. The numbers #;, %, 73, 2, N1 and N are defined in a similar
way as in Fig. 7(a). (b) The integrated diagram in momentum
space where the two ends have been left open.

The integration of this diagram over all momenta
follows the same pattern as the preceding case. The
integrated diagram is shown in Fig. 9b and the result
is given by

02(!(1’,](2’; kl,kz)
1
XeXP( "2—[n1k12+n2k1'2+nsk22+"4k2'2]) , (43)
43

where we have taken into account the conservation of
momentum expressed by the delta function occurring
in the free propagator Eq. (29).

The integration of Eq. (43) is given in Appendix C.
The contribution of the second class diagrams is then
found to be

8¢ A 712 2
Fy®= ——-——{g;[z, —(7")*] } )
)\7 712 A

where we have already multiplied by a factor of 2,
which arises from the fact that the contribution to this
function from the second class and third kind of dia-
grams is the same. This can be shown in a way similar
to the preceding case.

(44)
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5. FINAL RESULTS

The total contribution to the function F® of the
three different kinds of diagrams appearing in Fig. 5
is given by

8a
NSF® (11,15) =[g3(3,5) *— N (2)gs(2,9)8(2,5)
8 N
———[az)F, 45)
712
where

s=— (46)

Thus, the pair correlation function of a hard sphere
Bose system, is given to first order in a/A, by the follow-
ing equation:

1 2 8a
g<2><n,r2>=1+[—g;<z,s>] N SR
oAS PN

8a A
————{g(z9) . (@7

PPN 112

Two comments might be added about this result.
First, the fact that the series g,(2) and g.(z,5) converge
only for those values of z such that |z| <1, independ-
ently of o, makes this result valid only when the system
is in the gaseous phase. Second, the last term in Eq.
(47) depends on the inverse interparticle distance, and
thus makes the result valid only for large interparticle
separations. These short comings shall be corrected in
a further calculation.

APPENDIX A

In this appendix we evaluate the combinatorial factor
associated with each of the three kinds of diagrams
appearing in the expression for Uy ®. We shall label with
the numbers 1 and 2 the particles whose coordinates are
not integration variables in the evaluation of the gen-
eralized cluster integral 4 ,@ (r,,r,).

Let us consider the diagrams of the first kind which
include only one cycle without any interaction. To each
diagram we associate a box which is constructed in the
following way : we subdivide the box in N cells and fix
particle 1 in the first cell, particle 2 in another cell in
such a way that the number of particle (or cells) be-
tween them remains constant. The permutation symbol
that corresponds to any such arrangement of the N
particles amongst the N cells is the symbol of the cycle.
This permutation symbol defines one and only one dia-
gram. Let us call #; the number of particles between 1
and 2 including 1 and #, the remaining particles, so
ny+ns=N. Then, for instance, if #;=3, #,=5, N=8 we
have as a possible box the one shown in Fig. 10a and
its corresponding diagram is shown in Fig. 10b. The
number of diagrams which give the same contribution
to the generalized cluster integral 4,®, for a fixed
value of #,, is simply (N—2)!, which is the number of
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(b)
F16. 10. (a) A possible box for #1=3, n2=5 and N=8. (b) The
only diagram corresponding to that box. It is defined by the

permutation symbol corresponding to the arrangement of the 8
particles in the 8 cells of the box.

arrangements of the N—2 remaining particles in the
N—2 remaining cells. It is noteworthy to point out
that with the convention of assigning particle 1 to the
first cell, the correspondence between boxes and dia-
grams in lhis case only, is one to one. Thus, the con-
tribution of these first kind of diagrams to 4,® is
given in Eq. (16).

Let us consider next the box diagrams belonging to
the second kind of diagrams. We first construct our
boxes by partitioning the IV cells into two groups, one
of N, particles and another one of N, particles. The
line between these two partitions will define the inter-
acting pair as being the one composed by the two par-
ticles occupying the cells adjacent to it. To each box we
associate a diagram in the following way : The permuta-
tion symbol defined by the numbers located in the cells
to the left of the partition line, will give the first cycle
of diagram, whereas the second cycle is given by the
permutation symbol defined by the numbers located in
the cells to the right of the partition line. It is, however,
fairly obvious from the discussion, that since particles
1 and 2 remain unaffected in the integrations, the con-
tribution of each diagram to 4,® will depend on the
relative positions of these particles with respect to the
partition line, so we must consider two classes of boxes:

Class A

The boxes belonging to this class will be such that
particles 1 and 2 are always in the same side of the
partition line, i.e.,, on the same cycle. These are the
first class diagrams.

Class B

To this class will belong those boxes in which particles
1 and 2 are on different cycles, i.e., on opposite sides of
the partition line. These correspond to second class
diagrams.

Furthermore, let us assume that in these boxes, par-
ticle 1 shall be always written at the left of the partition
line; with this convention, the correspondence between
boxes and diagrams is one to one.

Consider now the boxes and diagrams belonging to
class A. The most general type of box is that shown in
Fig. 11 where there are #; cells before 1, 7; cells before 2,

“n5 cells between 2 and the cell to the left of the partition

line and finally #4 cells between the cell to the right of
this line and the last one. Then,

m+ns+nst+1=Ny; nst+1=N,.
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IO

Nz —pg——— | —pat—Ny —» a-—Ng —>

Ng —»

-— N >

F16. 11. The general type of box associated with a diagram of
the first class and second kind. The partition line is indicated by
the dark, broad line.

For a given set of numbers #ni, #s, #; and n4, the
number of boxes corresponding to the set is (N—2)!,
which is the number of ways in which the remaining
N —2 particles can be distributed among the remaining
N—2 cells. As there is one box associated with each
diagram, we conclude that for a given value of #,,
i=1,2,3,4 there are (N—2)! diagrams of the first
class and second kind giving the same contribution to
the cluster integral 4,®.

For the boxes belonging to class B we have for its
general term the one shown in Fig. 12. The definition

LI I F

“npe—0n —» «—ny-pa—n,—>
- Ny >4 Np >

F16. 12. The most general type of box associated with a dia-
glram é)f the second kind and second class. This box belongs to
class B.

of the numbers #i, #s, #; and n4 is similar to their
definition in the preceding case, but they now satisfy
the relations,

ﬂ1+n2+ 1= N1 n3+n4+ 1= 1V2.

We can immediately see, by a reasoning similar to that
used in the first case, that for a given partition N, and
N, and fixed positions of the particles 1 and 2, the
number of diagrams of the second class and second kind
giving the same contribution to 4,® is (N—2) .
Finally, the combinatorial factors associated with the
third kind of diagrams is precisely the same as for the
second kind of diagrams as can easily be verified.

APPENDIX B

In this appendix we evaluate the contribution of the
first class of diagrams to the generalized cluster integral
AP (r,1,) starting from Eq. (35). Let us denote the
quantity Eq. (35) by Di(ky,ks). Thus we may write

A kl2 k22
Di(ky ko) = exp(——ns——ng)

2a 2a

ke?\
Xf exp(—m{—) UQ(CI)(kl,ks;k2,kﬁ)d3kﬁ. (Bl)
44

On writing Us(V in terms of ke, we have
U3t (ky,ke; ko, ko)

=0 (ki—k2) exp[— — (B2)
s

(ko4 k6)2J AGy
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where AG is given by Eq. (32) and may also be
written as
1
AGo= f AT()dL, (B3)
0

where

AT(1)
1
=2 exp| ~ Lt kp -0+ (e lorl). B9

If we substitute Egs. (B2), (B3), and (B4) in Eq. (B1)
and integrate with respect to ks and ¢, we find that

. ki?
Dl(kl,kg) = exp[~2—1(n2+n3+1)]
(s

—a 2ma\ #
X (ki— ks) (—) (——) . (BS)
27!’2(1 N2

Thus, in order to obtain D;(s1,ms,%3,74; T12) We sub-
stitute Eq. (BS) into Eq. (27b). We therefore find

2a\} 1
Dy(nma,na,ma,mg; trz) = —a(——) Ny—
7!' 8x?

k 2
Xf exp(ikl- rl—"ikz’ 1'2) exp[—- (1\71‘711)2‘1]
. Q

X9 (ky— ka)d*k:d3ks.
The integrations are straightforward, the result being

( ) 4a 1
Di(ny,ne,ns,my; Fr2) = —-— ——
)\7 [1\72(1\71— nl)n;]%

Ny

X exp[———————ar122] (B6)
2ny(N1—n1)

after multiplying by the constant factor (a/2mn,)?
Xexpl — (a/2n1)r152], which is a constant term corre-
sponding to the number of loops between particles 1
and 2 in the space representation of Fig. (7b).1® Equation
(B6) is the desired result.

APPENDIX C

We wish to integrate the expression indicated in Eq.
(43) corresponding to the diagram in Fig. 9b. Let us
call this quantity Da(ki,ki'; ks,ks'). Then, by Eq.
(27b), its Fourier transform, which we shall denote by
Dy(ny,- - - ma; 11,11, ,12), corresponds to the diagram
shown in Fig. 13. In order to calculate the contribution
of the second class diagrams to the generalized cluster
integral 4,® it is necessary to make in this expression
ri=r1,y and r,=ry’. Thus, we are interested in the

0 The diagram is the same, except that k is substituted by
r1 and Kz by r..
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-quantity
Dy(n1,n9,1m314; 119)=D, (%1ynz,ﬂs,n4; T1,11,12,T5)
‘with

-y ’
D2('}’L1,' Y 7SR SUR ST &) ,l’z)

= (Zw)_6fD2(k1'k2’; kl,kz)ei<k1’-n’+k2'-rz'—k1"l—k2"2>
X &kydkod’k)dky’,  (C1)

where

,D2(k1lk2/; kl,k2)= 02(](1,1(2’; kl,kg)
1
Xexp[—2—(n1k12+n2k1’2+n3k22—l—n4k2'2)]. (CZ)
fed

If we use the change of variables, Eq. (33), where we
:shall drop the index 12, and use the condition 1,/=1,,
ry’=r,, we have, after integrating over K’, the result

,145 1'12) = "7(27!')—6
™

Dl(nl,‘ .-

exp(—k*/a)—exp(—k?%/a)
J )

XfexP(—Kﬁ/%z)

1 1
X exp{ - 8—;(m+ng+n3+m)K7— —K

o

X [(%3— nl) k+ (714— nz) k,]

1
-2—[(n1+n3)k2+ (m-l-m)k'ﬂ—i—z(k— kl) T2
o

XPKPE k. (C3)

‘If we integrate over K and introduce the following
~quantities:

4 1
—=——{N(n+n3)— (n5—n1)?};
2aN

2
AI
{N(nz-i-m) (ny—n4)?} (C4)
2 2cu
1
B=———(n3—n1)(ns—mn,),
aN
‘we get
—a/8ra\?
Dy(n1, -+ i T1g)= (2m) 06— )
™ \ N
B2 ) — .
Xffdsk,d%exp( k/a)—exp(— k% a)
k’2__k2
A A
X exp{ — [—k2—l——k’2+Bk- k’]
2 2
+i(k—k’)«rlg}. (C3)
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In order to perform the integrations over k and k’
we notice that the integrand remains finite when k=k'

so that the factor (k2—Ek%)~! can be replaced by
P(R?~E)11' We then use the following expression

for P(1/x):
[f elxtdt_f exxtdt]
x 21

Thus, if we substitute (C6) into (CS) we obtain four
terms, the first of which is given by

1 % K
J1=——ffd3kd3k’f dat exp{it(k’2—k2)———
21 0 (4

[ k2—|- k'2+Bk k’]+t(k k’)-m}, (o))

(Co)

and which upon integration over k and k’, becomes

(21r)3f°°“(°_ D 2dr
Y2 ey (P (ata—ap)
2(a+a’+2b)
Xexp(———————nzz), (C8)
24 (a+d’)>— 48
where
2
a=A+- o=A" b=B. (C9)
(43

Similarly, the second term resulting from the sub-
stitution of (C6) into (CS) is

(Zw)af_’(“_“) 2dr
Y2 e iteeny (P (0

apy

2(a+a’+2b)
X exp ( ———————nf) . (C10)
2+ (a+a')?—4p?

From (C8) and (C10) we obtain, after making the
change of variable {=—ir

J1—T2=22x)®

(a=a’) at
j(: [la+a2—4p2—£ ]
2(a+a’+2b)
X exp(

(a+a'y2—4b2—
an integral which is easily evaluated in terms of the

r122), (Cll)

nz ng
Fic. 13. Space representa- v v
tion of the most general open : *
diagram of the second class and
second kind. Y, %

1 N3
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error function by using the formulaz.1®

[ta(52)
e el o

pls]

According to Eq. (C9) and the definitions of 4, A" and
B, the three functions g, o’ and b of the variables #, #.,
n3 and n4 are obtained by the substitutions

ns— ny (C13)

nm—n+1l; ng—ony; ny—uz+1;

in the three functions X, X', ¥ of the same variables,
defined as follows:

1
Z)E(N_ 2)(n1+n3)— (n5—n1)*]

a(N—

1
X'= [(N—2)(netn4)— (ns—n2)*]
a(N—-2)

V=— (n3—n1) (14— n2)

a(N—-2)

with N-—2=mny+ny+ns+ns Therefore, if we call
P (ny,%12,m3,ms) the function defined by

XX’ di

P yH2,M 3,7 =f
(roaha e 0 [(X4-X')2—4V?—p]

2(X+X'+2Y)I'122
Xexp(— ), (C14)
(X+X')—47—2
we have that
J1_'J2=2(21l')3P(n1+1, N, n3+1, m). (CIS)

In a similar way, we find that the two other terms of

Eq. (C5) yield
—Js+J4=22w)2P (11, no+-1, n3, ne+1), (C16)

and

Dy(n1,- - + 145 T1g)

2a 1

w2 (2r)®

8ma
( ) [P(n1+1 N, n3—|—1 m)

—P(ny, na+1, 13, na-+1)7].

11 P means principal part of.

12 Equation (C12';als obtained if in the formula in the left,
where 0<¢ <y we make ¢=pw!(14w)} and the square roots are
taken positive. The resulting integral may be expressed as an
error function.

13 A, Erdelyi, W. Magnus, F. Oberhettinger, and F. Tricomi,
Higher Transcendental Funciions (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. II, Chap. IX.

(C17)
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Since the combinatorial factor corresponding to these
diagrams for a given value of the set #,, #s, 3, 14, is
(V—2) ! the contribution of the second class of diagrams
to the functions F® (r,,r,) is thus

2a(8ma)® «
8nd

X[P(ﬂ1+1, Na, n3+1, m)—P(nl, n2+1, 3, ﬂ4+1)],

gnitnetnstngt2

DI IDS

mi=0 ng=0 ng=0 ne=0 (M1+no+ns+ny+2)}

and after separating the two terms and after proper
cancellations have been done we find

20(8ma)®| » o  grrtms
{ Z P(07n2)0:n4)
87% L ne=0 ni=0 (mo+14)}

® gr1tng

3>

ni=0 nz=0 (% 1

P(ng,O,ng,O) . (C18)
When #,=73=0, we have that X=0, ¥=0, therefore,
$% g and s occurring in (C12), which is of the same type
as (C14), take the values X2, —X’ and 2X'rs?, re-
spectively. Furthermore, since p?=¢? and ¢<0 the error

function in (C12) is independent of s and equal to
~— (7)}/2. Thus

(1[‘)* 1 27’ 12
P(0; n2,0,y) = —— —— — ) (C19)
2 V’?’]_z Xli
where
4”2”4
X=—
a(ng—i-m)
In the same way, when n;=#,=0, we have X'=V=0,
p*=X, ¢g=X and $?=2Xr,,% Thus, we find
P(11,0,15,0) () 1 ( 27”2) (C20)
11,0,13,0) = — —expf{ — , x
Y N X3 X
where
4nim3
C[(n1+n3).

On substituting (C19) and (C20) into Eq. (C18) and
noticing that the two resultant terms are identical, we
find that

2a(8ra)} ()t = o grrtm
F o) ® (1) =—— _
8wd \/2-1'12 n1=0 nz=0 (n1+ﬂ3)§
at(ny+-n;)t a/1 1
ot [ o1 1, 1
8”1*”3* 2 ny nN3
or

4a X 712 2
Fay®(ry )= — o {g;[z, —(w)*] }
)\7 712 )\

which is the contribution from the second class of dia-
grams and second kind to the function F®,
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A formal solution of Liouville’s equation both for the classical and for the quantum mechanical case is
presented. The derivation follows closely the approach employed by Feynman in his papers on the theory
of positrons (Phys. Rev. 76, 749 (1949), bid. 76, 769 (1949)). A scattering operator S is found which
connects the distribution function at time # with the distribution function at any later time ¢ Each term
of this scattering operator can be represented uniquely and conveniently by a diagram. The topological
structure of these diagrams is the same in the classical as well as in the quantum mechanical case. Applica-
tions of the method will be given in a forthcoming paper.

1. INTRODUCTION

~“HE Liouville equation represents a natural
starting point for studies of nonequilibrium
statistical mechanics.! It was soon realized that the
many body problem encountered in statistical mechan-
ics may advantageously be handled by the mathematical
methods especially developed for the infinite many
body problem of quantum field theory.? As an example
Prigogine and collaborators® used the S matrix formal-
ism in some of their papers. Furthermore, the well-
known approach by Prigogine and collaborators to the
solution of Liouville’s equation by means of Fourier
transforms and a diagram technique* bears much formal
resemblance to field theoretical methods. In this paper
we present a formal solution of the Liouville equation,
which is based on Feynman’s approach to the solution
of the Schridinger equation.® In Sec. 2 the actual
derivation will be given. An integral kernel plays the
central role of the development, This kernel is somewhat
similar to the phase space transformation function
introduced by Ross and Kirkwood® although it is a
Green’s function rather than a solution of the homo-
geneous Liouville equation. The various contributions
of a perturbation expansion of this kernel give rise to
corresponding contributions to the distribution function
which may be classified by diagrams. The modifications
caused by quantum mechanics will also be outlined
for the case of the Wigner distribution function.” In

1J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947); J. Ross and
J. G. Kirkwood, J. Chem. Phys. 22, 1094 (1954); H. Mori,
S. Ono, Progr. Theoret. Phys. (gapan) 8, 327 (1952); H. S. Green,
Proc. Phys. Soc. (London) A64, 325 (1953); R. Brout and
1. Prigogine, Physica 22, 621 (1956); I. Prigogine and J. Philippot,
Physica 23, 569 (1957); A. W, Saenz, Phys. Rev. 105, 546 (1957).

2 See for instance B. S. de Witt, “The operator formalism in
quantum perturbation theory,” University of California, Berkeley,
California (September, 1955).

31, Prigogine and F, Henin, Bull. Acad. Sci. Belg. 11,814 (1957);
P. Resibois, Physica 25, 725 (1959).

41. Prigogine, “‘Statistical mechanics and thermodynamics of
irreversible processes,” Free University of Brussels, Techn. Rept
EORDC PR 59-18.

5See, for instance, the account of this approach in S. S.
Schweber, H. A. Bethe, and F. de Hoffman, Mesons and Fields
(Row Peterson and Company, 1956), Vol. 1, p. 54.

6 J. Ross and J. G. Kirkwood, J. Chem. Phys. 22, 1094 (1954);
J. Ross, J. Chem. Phys. 24, 375 (1956).

7 E. P. Wigner, Phys. Rev. 40, 749 (1932).

Sec. 3 the physical significance of the diagrams is
clarified by means of an equivalent perturbation
expansion of the equations of motion. In a subsequent
paper the method described on the following pages will
be applied to problems of physical interest.

2. DERIVATION

The classical Liouville equation for an N particle
system may be written as

0
(Bfr V-VR)f(RV,t)-—— ~F(R,V)-Vvf(R,V,0). (1)

We use the abbreviation R for the set of position
coordinates ry, s, - - -ry of the N particles. Similarly,
V is short for vy, vs, - - - v the velocities of the particles.
F=F, F,, -.-Fy, where F; is the force acting on
particle j divided by its mass. We allow F to be a
function of both position and velocity. The symbol
V. V&g, for instance, is an abbreviation for

N
V-VR= 3 v; V..
i=1

We now introduce a kernel G(R,V,; R, V',/') which
allows us to express the distribution function f(R,V )
for £>1 by

SRV, )= f dRAVGR YV, R V) fR, VL0, (2)

if it is known at an earlier time ¢. The integration runs
over the complete phase space

dR,dV'= d371,d372' e da'vlldai)z’ et
The kernel G has the following properties:

a
(;+ V-VR+F-VV)G(R, Vi R,V
{
—3(R—R8(V=V)o(i—t) (3)

lim G(R,V,t; R, V') =8(R—RN(V-V'). (4)

t—t’
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Equation (3) shows that G is a Green’s function of the
Liouville equation. Equation (4) is necessary for Eq. (2)
to be consistent. Equations (2)-(4) are strongly
reminiscent to Feynman’s approach to the solution of
Schrédinger’s equation. In fact, replacing the operator
V-Vz+F- Vv by the Hamiltonian H and the distribu-
tion function f by the wave function ¢, Egs. (2), (3),
and (4) are identical with Feynman’s theory.5

We now propose to solve Eq. (3) by an iteration
method assuming weak interactions. We obtain

G=Got+G1+Got- -+ (5

(%+ V-9 )Go=s(R-R)a(V= V)i(i=t) (9

]
(;-{- V~VR)G,,= —F-VyGoa n2>1. (7)
¢

The solution of Eq. (6) is immediately written down3
G(RV4 RV)=8(V-V)

XL(R=R'=V'(t—#)]S(t~1), (8)
where we introduced the step function

1 for x>0
s<x>={ ©)
0 for x<0.

It is easily seen that Eq. (4) is satisfied for expression
(8). From Eq. (7) we have

Gn(R,V,;; R, V1)
=— f dt"dR"dV"Go(RV; R V"1

X F(R", V//) . VVHG,._1(R", V",t” ; R’ V't,).

Successive application of Eq. (10) reveals after straight-
forward calculation that

G.RV; R'V'Y)
t £ tn—1
=f dhf dtz---f dindedeg,---an
t’ !' t

X (— 1) (R— V(i—1;)— g Vi(ly—1,)

(10)

—V(t,—t)JFR—-V(—1),V) - Vys(V—~Vy)
XFR—V(t—t)— Va(ti—15), Vo) - Ve
X8(Va— V). - - F(R—V(t—t)

— 3 Villa— 1), V)-VuaS(Vae V). (11)

=2

8 The solution Eq. (8) is the retarded Green’s function. The
advanced Green’s function is found by replacing S({—¢') by
—S(¥—t). We take the retarded Green’s function of course
since we are interested in the future knowing the present, i.e.,
the distribution function at time #.

OLDWIG VON ROOS

By inserting the expressions (8) and (11) into Eq. (2)
and by performing the phase space integrations as
indicated we get the following result. The distribution
function at time ¢ is connected with the initial distribu-
tion function at time ¢’ through a scattering operator S,

f(R7Vst)=Sf(R_ V(t_tl);vyt')a (12)
where
5= 3 8. So=1, (13)

and (for n>1)

t 131 in—1t
Snz('—l)"f dtlf dtz' . f dtn
& t t’

% TI F(R=V(t~1),V)-P. (14)

a=1

with

P.=Vy—(la=t)VR— Y. [Vv— (ta—1s)VR]
f=atl

(15)
=P,+ > Pus

B=a-t1

The grad Vv in expressions (15) is always connected
with a grad V= in the specific configuration

Pos=Vv— (ta—18)VE. (16)

The operator P is defined to act only on that function
of R and V, which contains the same time label 3.
Furthermore, Vv does not act on the argument
R— V(¢i—1g). In other words,

P.sF[R—V(t—1,), V]=0s,{Vv F[R—V(i—1,),V ]

—(ta—ts)Ve F(R = V(t—1,),V)} (17)

with Vv operating only on the second argument of F.
By inserting Eq. (15) into (14) we see that S. can be
expressed by a sum of terms of the following structure:

¢ 3% tn—1
S,,=(—1)"‘Zf dtlf dtz"'f di,
A i t t’

x II F(R— V(i—1,),V)-Paye. (18)

In Eq. (18) it is y,>a, but otherwise arbitrary and
the sum runs over all ! possibilities to pick a set of
Y«>a. Any particular term of the sum (18) may be
represented by a diagram. We define the diagrams in
the following way: An sth order diagram consists of
n-+1 vertices labeled with a time coordinate . starting
with the latest time ¢, on the left (Fig. 1a) and ending
with a vertex associated with the earliest time ¢ the
initial time on the right. From each vertex a (except
the one associated with #') one and only one directed
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solid line starts which ends at any arbitrary vertex 8
with an earlier time including the last vertex (Fig. 1b).
The last vertex associated with the initial time ¢ is
called the external vertex (each diagram has only one
external vertex) all the others are called internal
vertices. A solid line starting from any internal vertex
and ending at any other internal vertex is called an
internal line. If it ends on the external vertex however
it is called an external line. Fig. 1 (c) shows a possible
Sth order diagram with 2 external and 3 internal lines,
similarly Fig. 1d shows one with 3 external and 2
internal lines. The number of lines is equal to the
number of internal vertices, i.e., the order of the diagram.
There are » ! different diagrams of order # corresponding
to the n! different ways of connecting any two of the
n+1 vertices by a solid line such that only one solid
line starts from any internal vertex. We associate
with each vertex a the factor —F(R— V(¢—1,),V) and
with an internal line the operator P.s which acts on
the —F(R— V(i—t),V) associated with vertex 8 in
the manner specified by (17). Furthermore, associated
with an external line starting at the vertex a is the

-

o o © o o X,/
1134‘-5‘4
a
-
/—\ﬂ:
° o o X,
1,2.39-5‘4
b

c
ll?)"f";'((’
o]

F1c. 1. (a), (b) construction of a diagram. (c), (d) two
possible 5th order diagrams.
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Fic, 2. (a) first order diagram. (b), (c) the two
second order diagrams.
operator

Pu=Vv—(ts—!)Vz, (16a)

which acts on the initial distribution function repre-
sented by the external vertex. We now see that any
given diagram (Fig. 1c, d for example) represents
uniquely one term of the sum (18). As an example,
Fig. 2 shows the three lowest order diagrams. According
to the rules outlined above the first-order contribution
(Fig. 2a) is given by

t
Si== [ dnF®R=V(-1),V)-P,
v

t (19)
- f dLF(R— V(= 1), V)- (Vy— (li— ) VR).

The second-order contribution Fig. 2b is given by

Sy= f dt, f L F(R— V(i—1p), V)
t’ 114

‘PpF(R—V(i—1),V) - Py (20)
Here Py» acts on the succeeding F, whereas Py acts
on the initial distribution function as explained in the
foregoing. The other second-order contribution Fig. 2c
is given by

t 120
5'2’:—; f dtlf dtzF(R— V(t— tl)’v)
oSy ¢

PLF(R—V(i—1),V)- Py, (21)
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where both P act on the initial distribution function.
Turning now to the quantum mechanical Liouville
equation for the Wigner distribution function’” we
restrict ourselves to the case in which the force F is
derived from a potential F(R)=—Vgré(R). The
Liouville equation for the Wigner distribution function
f™ is well known to be®

(—1-+ \Z vn) f 2 sin(iVR- Vv)¢(R) ™. (22)
at # \2M

Here the operator Vg acts only on the potential ¢ (R).
The sin operator is defined by its power series expansion.
It is easily seen that the scattering operator S for [
may still be determined by the same diagrams as in the
classical case. Only the rules of associating an internal
vertex and an internal line to a given mathematical
quantity have to be changed. An internal vertex a
represents now

2 h \vj R-V 23
%Sl’f(ﬁ R----)¢[ V-] (@)

An internal solid line connecting the vertices @ and 8
represents

Pos' = — (ta—15) Vg, (24)

where Vg acts on the potential associated with vertex
8. By the way the operator P,z Eq. (16) is also replaced
by P.s’ Eq. (24) in the classical case if the forces do not
depend explicitly on the velocity as is seen from
Eq. (17). The complete expression for the part of the
diagram shown in Fig. 1b is according to (23) and (24)

2 %
e sin(EVR- Pu’)({:(R—— V(—ta))---. (25)

An external solid line is still represented by (15a).
As an example let us consider the diagram Fig. 2b.
It represents

C oo 2 o
Sz’= f dtxf dtz— sin(-———VR~ Pm’)
v Y 7 M

2 %
Xo[R—V(i—1.)]- sin(—VR~ Pn’)
% 2M :

X(ﬁ[R-— V(i— 52)].

3. DISCUSSION

Having established the rules which generate the
scattering operator .S we like to discuss some of the
consequences at this point. First of all we notice that
the nth order term of the series for S consists of a sum
over n diagrams with a various number of internal and

( *]. )M. Irving and R. W. Zwanzig, J. Chem. Phys. 19, 1173
1951).
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external lines. The physical significance of an internal
or external line will be made clear by the following
considerations. In zeroeth order the motion of the
particles is undisturbed. They proceed along straight
lines. In fact, the scattering operator being So=1 to
zeroth order we have from Eq. (12)

JR,VH=f(R-V(i—1),Vr).

To see how precisely the higher order terms of the
scattering operator introduce deviations from the
unperturbed straight lines of the zeroeth order approxi-
mation, we outline here a perturbation scheme applied
directly to the equations of motion, which is completely
equivalent to the perturbation analysis for the scatter-
ing operator described in Sec. 2. By confining ourselves
to the classical equations of motion and to forces which
depend only on the position we have

@R/de=\F(R) (27)
together with the initial conditions
R(#)=R’ (dR/dt) ()= V. (27a)

We introduced a small expansion parameter X and write
R= R0+>\R1+>\2R2+ Tt (28)

By inserting (28) into (27) we have the successive
approximations

@R/dr=0

@R/d=F(Ry) (29)
d?R/di=R;-VroF(Ry), etc.,

and the initial conditions are
Ro(#)=R’ (dR/d)(*)=Y
Ri()=(dR/d))({')=0 (29a)

R, ()= (dR/dt) (¢')=0,

It follows from (29) and (29a) that the successive
approximations to the acceleration are given by

etc.

&R/dE=0 (30a)
@R/dE=FR' - V({/'—1t)] (30b)
dZR/dt2= dll d 2F R’— V f — 2
L [ anFR= V(-]
-VRF[R'—= V(¢/—1)], etc. (30c)

A glance back to Egs. (19) (20) and (21) and a compari-
son with Egs. (30b) and (30c) reveals that Eq. (19) the
first-order scattering operator takes into account a
deviation from the unperturbed straight paths of the
particles to exactly the same degree of approximation
on which Eq. (30b) is based. Expression (20) corre-
sponding to the diagram with one internal line (Fig. 2b)
takes into account a first order correction to the first-
order effect given by (19) (it is therefore of second
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order). The exact analog to this correction expressed
by an internal line is Eq. (30c). But this is not all that
might happen in second order ! Actually, a new ‘scatter-
ing’ may be introduced at some other time between #
and 7. But Eq. (21) corresponding to the diagram with
two external lines (Fig. 2c) represents precisely the
.contribution from this event again to the correct order
of magnitude. These findings may now immediately
be generalized to an nth order contribution. Suppose
we have a specific #th order diagram which represents
.one of the n! nth order contributions to the scattering
operator. This diagram generates n+4-1 diagrams of the
(n+1)st order. By adding a new internal vertex to the
left of the nth order diagram and connecting it with
either of the » other internal vertices we obtain # new
possible diagrams with one more internal line. By
connecting it with the external vertex we obtain one
new diagram with one more external line. From the
previous discussion it is clear that the (n-1)st order
diagrams generated from a specific #th order diagram
take into account a correction to the path of any one
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particle in the sense of Eq. (30c). This is possible in »
different ways corresponding to the # different new
internal lines. Whereas the possibility of a new ‘scatter-
ing’ is represented by the addition of a new external
line. In short, internal lines represent corrections to
already existing scatterings and external lines represent
the introduction of new scatterings. Of course, it should
be realized that this explanation is more or less heuristic
since we did not introduce scattering cross sections
explicitly. The scattering operator rather gives the
detailed time dependence of the distribution function
and is therefore completely equivalent to the exact
knowledge of the orbits of all the particles involved.
This is far too much information to be useful. In fact,
in order to extract useful information one has to have
recourse to averaging procedures. One may introduce
singlet doublet, etc., distribution functions, and sub-
sequently use Kirkwoods coarse graining device,
‘Stosszahl ansatz’, etc; But this is beyond the scope of
the present paper.

10 J. G. Kirkwood, J. Chem. Phys. 14, 180 (1946).
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The diagram technique recently developed by the author (see footnote 1) for the solution of Liouville’s
equation is extended and suitably modified to cover the case of the collisionless Boltzmann equation for a
plasma. The usefulness of the method is demonstrated by two problems. These are: first, the influence of a
plane polarized electric wave on the electron distribution function of a low-temperature plasma, and second,
the propagation of a (small) initial disturbance for the case of a plasma which is governed by the Vlasov

equation (see footnote 8).

1. INTRODUCTION

N another paper! a solution of the Liouville equation

for an N particle system was found essentially by
expanding the associated Green’s function into a
Sturm Liouville series. The result obtained may be
stated as follows: The distribution function f at time
¢ is uniquely connected with an arbitrarily prescribed
initial distribution function fo at time ¢’ through a
scattering operator thus

JRV)=Sfo(R=V(=1),V,7). ey

The scattering operator in turn is given by the series

S=%5, @)

n=0

with So=1 and each S, for #>1 turned out to be a
sum of contributions consisting of various products of
forces and gradients. The structure of these terms can
be expressed by diagrams and each contribution may
be written down easily according to the rules given in I.

However, it is to be remarked that a complete solu-
tion according to this scheme is more or less useless if
it is not supplemented by statistical considerations. Of
course, an exact solution of Liouville’s equation is
equivalent to an exact solution of the equations of
motion of the NV particle system, which is as everybody
knows a prohibitive venture.

The case we wish to consider here is the case of the
so-called collisionless Boltzmann equation for a plasma.
This equation describes a system of charged particles
in which only the influence of the long range forces is
taken into account. It can be shown? that the collision
less Boltzmann equation is obtained from Liouville’s
equation with only ome statistical assumption. This
assumption is that the distribution function for the &
particles factorizes into a product of distribution func-
tions for each individual particle?

f(R,V;t) =f(rirs - -ty Viva- - - Val)
Ef(rl,vlt)f(rg,vﬁ) v 'f(l'N,VNt). (3)

1 O.I von Roos, J. Math. Phys. 1, 107 (1960). Hereafter referred
toas 1.

2 N. Rostocker, General Atomics Rept. GAMD-663 (July 10,
1959) (unpublished).

2The presence of transverse photons does not change this

Considering f as the probability density for finding
particle 1 at ryvy, particle 2 at ryv: etc., Eq. (3) is an
expression for the assumption that the particles are
uncorrelated (the joint probability is equal to the
product of the individual probabilities). This assump-
tion introduces of course errors. It is intuitively clear
that assumption (3) should break down under any
circumstances if two or more particles come close to
each other. At low enough densities the encounter of
more than two particles is a rare event and the close
encounter of two particles finds its expression in the
collision integral.* Therefore, to maintain assumption
(3) for all values of r; and v; simply means to neglect
the collision integral altogether. This would be a bad
approximation if any appreciable forces would only be
exerted during close encounters as it is the case in a
neutral gas for instance. But the situation is different
with a plasma. Here we have predominantly the long
range Coulomb forces between the particles so that the
error made by neglecting collisions may presumably be
within tolerable limits.

In Sec. 2 we are going to derive the solution of the
initial value problem for the collisionless Boltzmann
equation. The method of solution will be patterned
after the approach given in I. However, owing to the
nonlinear character of the basic equation the scheme to
be developed will be more complex than that given in I.
But the diagram representation of I can be extended
naturally to cover this case. The advantage of the
diagram method will be demonstrated in Sec. 3. Once
the rules of the game, i.e., the connection between the
topological structure of a diagram and the mathe-
matical structure of its algebraic counterpart are known
it is only a matter of comparatively simple algebra to
obtain explicit expressions for the solution of the
collisionless Boltzmann equation in many cases, that
is in cases where the number of possible diagrams repre-
senting nonvanishing contributions is not forbiddingly
high. The real advantage of a diagram expansion is
here as elsewhere (for instance, Feynman diagrams) to
keep track of a large number of possible contributions
so that nothing is forgotten and to see immediately

statement. Only the distribution function has to be suitably
modified to include the additional degrees of freedom.
4 See, for instance, J. G. Kirkwood, J. Chem. Phys. 15, 72 (1947).
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whether a certain contribution actually vanishes as
the case may be. Here, as elsewhere, a diagram by itself
does not have any physical significance other than that
of the algebraic expression it stands for.

2. DERIVATION

The collisionless Boltzmann equation in its most
general form may be written as??

P \
(4_3—t+ \A Vr)fj(r)v,t) = Ai(r’vyi) : V”fi(ryv:t)

i
+f dt’fd“r’d:‘v’ > Bi(xvi; o' v )

Xfi(r,)vlyt') ’ vai(ryvyt)- (4)

In this equation the meaning of the various terms is as
follows: f;(r,v,f) is the distribution function for par-
ticles of kind j (electrons ions etc.). The vector A;
represents an externally applied force acting on the
particles of kind j. The integral kernel B;; stands for
the interaction of the particles among each other and is
essentially given by a complete solution of Maxwell’s
equations.® The retardation is properly accounted for
by the integral over all times ¢ earlier than ¢ If re-
tardation is neglected Bj; contains a factor 8(¢t—?').
Equation (4) is now solved with the following “ansatz,”
which is nothing else than an ordinary perturbation
expansion with respect to A and B.

=040 (5)
so that .
L@/ot)+v-9.]f; =0 (6)

L(8/80)+v-V,]f;®
t
=A;-V, ,-(‘”—I-f dt’fd3r'd3v’ > Bi(r,vi; ', v

Xfi(o) (r’,v’,t’) ) vaf(o)y (63')

and, in general,

d
(—-I—v- Vr)f,-("’ =A;-V,f;D
at

¢
—I—f dt’fdsr’d%’ > Bi(e,vt; o' Vo)

n—1

X Z f"(m) (r’:v’>t') . vaj("—l_m)- (7)
m=0

Let us assume that we know the distribution functions
f; for some initial time 7

fj(l’,V,T)=fj*(l’,V,T). (8)

5 W: E. Brittin, Phys. Rev. 106, 843 (1957).
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We also specify the initial electromagnetic fields
E=E(r,v)

} for i=r. (9)
H=Hy(r,v)

This, of course, is tantamount to assuming that we not
only know the distribution function at ¢=r7, but also
for earlier times since

€; 1
-2 (Bot-vxro)
m; (4
=f dt’fd“r’d&v’ (vt VY (V). (10)

Without retardation, Eo and Hy are uniquely given by
the initial distribution function f* alone.
The solution of Eq. (6) together with (8) is given by

[i®=f*(a—v(@—7),v,7) for t>r, (11)

so that the equation for the first order contribution
fi® Eq. (6a) reads

0
(a——{—v-V,)fj(‘) =A; V. f*(x—v(i—1),v,7)
i
€; 1
————(Eo+—v>< Ho) Vo fif(x—v(t—1),v,7)
mj ¢

[2
+f dt’fd3r’d3v’ S Bu(rvit; ' Vo)

XfFW=v (' —1), vV, 1)V fF(x—v(i—17), v, 7). (12)

From now on we will incorporate the second term on
the right-hand side of Eq. (12) into the first one without
specific change of notation. Equation (12) is easily
solved with the aid of the Green’s function introduced
in I [see I, Eq. (3)] and the first-order contribution is

¢
fJ.(l):fdtl{A,-(r—-v(t—tl),V, t)

t1
+f dt’fdar’d%’z_ B;(x—v(i—t), v, t;1, V', 1)
XfH*—v' (' —1),V, T))-[V,,—(tl— )V, ]

Xf¥(x—v(t—1),v,7). (13)

We note that the term involving the external forces A
is exactly equal to the corresponding term in the ex-
pansion of Liouville’s equation given in 1.5 Of course,

8 The properties of the operator V,— (ti—7)V, are explained
in I. We note here that V, only operates on the second argument
vin f*¥(x—v(~—71), v, 7).
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this is to be expected since Eq. (4) without the non-
linear term is just the (one particle) Liouville equation.
Now, inserting Eq. (13) back into the equation which
expresses f;® by f;©® and f; one is easily able to
determine f;®. On continuing along this line, expres-
sions may be found for f;®f;®, etc. In principle, the
distribution function is therefore known for all times
£> 7 provided it is known together with the initial fields
for t=7. However, it must be said that owing to the
nonlinear character of the basic Eq. (4) the higher
order terms become rapidly more and more involved so
that in practice we are as far from a general solution
as if we had confined ourselves to simply write down
Eq. (4) and let it go at that. Fortunately, the outlook
is not so dim in many cases of interest, namely in cases
where some kind of approximations are allowed. But
in order to see how exactly any given approximation
influences higher order terms f;‘* we have to study the
mathematical structure of a term of arbitrary order.
This we do conveniently by means of a diagram tech-
nique which allows us to express any contribution to f;
in a concise way. In another paper! we already de-
veloped a diagram scheme which is applicable to the
present problem in its entirety. Provided that the non
linear term of Eq. (4) is missing the scheme developed
in I is completely sufficient and all contributions to any
order are given by those diagrams. The first-order
contribution for instance is given by (13) if we drop
the nonlinear (B containing) term. It is represented

by the diagram
(b\x |

‘The reader is referred to I for details. The second-order
contributions

a="(’\é(’\x s=®(14)

can immediately be written down with the help of the
rules given in I, and we find

t t
a=fd11f dle(l'—V(t-h),V, tl)

‘ProA(r—v(t—12,), v, 1) Po, f*  (15)
12 i1
ﬂ==f dhf di A(r—v(t—t), v, 1)
T P A(t—v(i—t2), v, 1) - Pof*.  (16)

In these expressions the gradient operations P,.s are
defined by

Paﬂz Vo— (ta_tﬂ)vr (17)

and act on that function of v and 1, on which their
representative lines in the corresponding diagram end.
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In (15) Py, acts on the succeeding A vector, whereas
Py,=V,— ({1— 1)V, acts on the last (external) vertex,
i.e., on the initial distribution function. From now on,
we will call a vertex representing an A vector (external
force vector) an A vertex. The diagrams shown so far
contain only 4 vertices. A vertex associated with the
initial distribution function (the external vertex of I)
will be called an f vertex. The diagrams shown so far
each contain one f vertex. We now turn to an inspection
of the contributions resulting from the nonlinear in-
tegral term of Eq. (4). The first-order contribution
caused by the nonlinear integral term is shown in
Eq. (13). We observe that it may be generated from
the first contribution (the one represented by an A4
vertex) by replacing A(r—v({—1t), v, t1) by

t
Zf dt’fﬁr’dsv’Bﬁ(r—v(i—-tl), v, b o, v, 1)
Xf*(—=v' (I —7),v,7). (18)

Furthermore, we notice that the first set of variables of
the integral kernel B(r,v,¢; t',v' ') is treated in exactly
the same way as the set of variables of the corre-
sponding A vertex. The vector B is also multiplied by
f*('—v({'—7), v, 7). Obviously, the zero-order con-
tribution to the distribution function is given by Eq.
(11). It may be represented by a simple f vertex

x=f#(x—v(it—1),v,7). (19)
We see that in replacing the rv¢ variables of the zero-
order term (19) by the second set of variables ¥'v'#’ of
the integral kernel and then integrating over all phase
space d*'d®’ and over the time ¢ from 7 to # and
finally sum over all distribution functions i as indicated
in (18) we obtain an expression, which is mathematically
completely equivalent to A(r—v(t—#), v,4) in as far
as the further steps of calculation are concerned. A
diagram which reproduces these facts is

N

| (20)
A “filled dot” is called a B vertex. A B vertex at posi-
tion « is the representative of the following operator:

ta
Zf dt’fd3r'd3v'B,.v(r—v(t-—ta), V,ba;t', V)0 (21)

The diagram (20) shows a B vertex at position 1. This
B vertex is connected with an f vertex by a dotted line.
The meaning of this is now clear. The single f vertex,
which is connected with the B vertex, contains the
primed variables r'v'#’ over which the integration indi-
cated in (21) takes place. Therefore, in first order, we
have two contributions. The first one is familiar from I
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and is given by

£

The second one is obtained from the first one by re-
placing the 4 vertex by

*——-X
|

which is precisely expression (18). Therefore, it is

given by
(fji:\\\x_

We are now ready to investigate the second-order con-
tributions. The corresponding diagrams can only con-
tain either two A vertices, two B vertices or one 4 and
one B vertex. The diagrams with two A vertices are
shown in (14). Their contributions are easily obtained
by using the rules given in I. The replacing of either
one or both of the 4 vertices by a B vertex with at-
tached zero-order diagram yields 6 new possibilities.
They are

o0 o L0 DN e OO W
] 2 ] 2

(22)

As an example, let us write down the contribution re-
sulting from diagram (22d). It is

[3 (31 2
fdtlf dlsAj(r—v(i—t1), v, il)'th dt’fdar'dsv’

XZ Bﬁ(r— V(l—lz), V23 l", V,, t’)fi*(r,_ V’(t’—‘l’), v’) T)
XPo f¥(x—v(t~7),v,7). (23)

The eight contributions so far considered are not all in
second order. Actually, there are two more. A B vertex
may have attached to it (by dotted line) a first-order
diagram. Since the B vertex counts as first order, the
B vertex with an attached first-order diagram is of
second order. Now, there are two first-order diagrams,

and
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Therefore, we have

(24a)

and

(24b)

as possible second-order diagrams. Earlier we gave a
prescription for an f vertex, which was connected with
a B vertex by a dotted line. It said : multiply the kernel
represented by the B vertex with the zero-order dia-
gram in which rv and ¢ are replaced by the integration
variables r'v’ and ¢, and then integrate as indicated.
Therefore, we suspect that in order to obtain the cor-
rect expression for the diagram (24a), for instance, we
merely have to multiply the integral kernel represented
by the B vertex with the expression corresponding to
the first-order diagram in which only the variables rv
and ¢ are changed into the integration variables r'v”
and #. This is true in fact. We call a diagram which is.
attached to a B vertex by a dotted line an internal
diagram. It is necessarily of lower order than the com-
plete diagram. (24) shows the two possible cases in
which a second-order diagram is constructed by means.
of B vertices and internal diagrams of the first order.
The internal diagram of (24a) is given by (on replacing
already r, v, t by ', Vv, ')

t .
f dtzAj(l',—' V'(t’—lz), V’,tz) ‘ PE'rfJ'*(r’_ V’(t,—‘ T); V/, T)~

Therefore, this is the expression with which the kernel
(the B vertex) has to be multiplied. By applying our
prescriptions to (24a) we see that it represents

t i
fdllz f dt’fd‘*r’dav'Bﬂ(r—v(t—tl), v, bt 0, v, 1)

.
X f Ao A(F—V (F~1), V', 1)

X szfi*(r'_ vl(t’_ T)’ V’, T)
XPlf j*(l'—V(t—T), v, T). (25)

We note here that the expression

o-a 6 X

may be considered as a replacement for an A4 vertex so
that the rules governing the connection of A4 vertices.
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by solid lines as outlined in I still apply in its entirety if
we replace a simple 4 vertex by a more complicated
structure (a B vertex with an attached internal dia-
gram). For instance, from the two possible second-order
diagrams with only A vertices (14)

we obtain by replacing

If one turns back to diagram (24b) we obtain the ex-
Ppression it represents by noting that the internal dia-
gram it contains is given by (13) or

t t2
f dtzf dt'fd%’dsv'z B,i(r—v(t—t2), v, bo; ¥, V', 1)

XX =V =7), V', 1) Parf*(x—v(t=1), v, 7).

We only have to replace rv¢ in the foregoing expression
by r'’v"t”, the integration variables of the first B

mx . ,%_%" ) m
o2 3 I 2 3 — ¢ ¢ ¥ x Xx.

To write down the contribution to thefdistribution
function f represented by diagram (26) we have first to
work out the internal diagram (28). The diagram

8%

30
2 3 4 (30)
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vertex of diagram (24b), multiply and integrate thus:

t1
f ar' f &P Bii(r—v(t—t), v, t; v, v, 1)
T 7

tl/ tz
Xf dt2f dt’fd"'r'dav’
XZ Bj,'(l'”—V”(t”“iz), vll, ta; l',, vl, tl)

X JHE =V (I =1), V', 1) Parf* (¢ =V (¢ — 1), ¥, 7)

to obtain the expression which replaces the simple 4
vertex of the diagram

! X

thereby converting it into diagram (24b).

For the sake of completeness let us illustrate the rules
of associating any given diagram with its corresponding
contribution to the distribution function with the
following example:

X

! 2 3 4 5 6

(26)

This is a six-order diagram which contains 2 internal
diagrams. It is generated from the simple second-order
diagram

7
| 6 e

by replacing the first 4 vertex with a B vertex with an
attached internal diagram of the fourth-order in this
manner

.- S?

! | 2 3 4 5 (28)

The fourth-order diagram in turn is obtained from a
third-order diagram by replacing the third 4 vertex
with a B vertex with attached first-order diagram in the
following way:

(29)

gives (on applying the rules of I)

¢ &2 t3
f dtzf dtsf dt,;A(r— V(t'—tz), v, t2)

-PoA(r—v(i—t3), v, t3) - P, A(x—v(t—t4), v, ts)

<Py fH—v(—1),v, 7).
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We now have to replace the 4 vertex number 4 by a
B vertex with attached first-order diagram

o —b 0-—b X

4 4 5

To do this we write down the first-order diagram

g/’\ X = f A= (=10, v, 1)

Ps.f*(x—v(i—7), v, 7).
.“-6 X
49 5

is given by (according to Eq. 21)

Therefore,

21
f dt’fd“r'd’v’ > Bii(x—v(i~ts), v, ta; ¥, V', 1)

% '
xf dtsA(r' — V' (' —15), V', ts)
P/ f*—v (' =), vV, 1)

This then is the expression which replaces the 4 vertex
number 4 in (30). In other words, the complete internal
diagram (29) is given by

Olj(l’,V,t)
t &2 t3
=f dtgf dtzs | dtA(r—v(t—1s),v,15) - Pa

t
XA(r—v(t—t3), v, ta)-P;;,f dt'fdar'd"'v’

"
KT Bii(r—v(t—=10), v, 105 ¥, V', ) f dts
i T

X A(l"— V'(t’—'fa), VI, ta) . Ph’fi*(l"— V'(t'— ‘r), V', 'r)
PufF(x—v(t—1),v,7).

Again applying rule (21) this time to (28) yields the
expression

31
f 4t f d‘”'r”d"v"z
. i

Bii(r—v(t—t), v, t1; 1, v, )a; (1" V'),

which replaces the first A vertex of diagram (27).
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Since diagram (27) is given by

¢t 131
fdtlf disA(r—v(t—1t), v,4) P

XA(xr—v(t—1t5), V,t6)- P, fi* (x—v(t— 1), v, T),
we finally find for diagram (26)

t 4 i
diagram (26)= f dh f dis f at” f dyr" d%'’

XZ a;(0 v ) Brj(x—v(t—t1), v, 11517, v",27) - Py
7

XA(r—v(t—1ts), v, t6) - Pe.fi*(x—v(i—7), v, 7). (31)

Although we now have a concise idea as to what con-
tributions to expect for any given order » we will give
here a formula for the number N, of diagrams of order
n.” Let » be the order for which we wish to know the
number of possible diagrams N .. We then write

n=cao+ 201+ 3as+ - - - notp1,

and determine all possible ways by which Eq. (32)
can be satisfied with positive integers ayas: * *an1. For
instance, for n=4 we would have the five possible
solutions :

(32)

=4 ay=az=a;=0

=2 o= ar=a3=0

a=1 a1=0 az=1 a3;=0
ap=0 a1=2 az=az=0

a=0 o1=a;=0 az=1.

If there are M solutions in the general case, we have
M sets of positive integers a;(® (including the zero)
1<e<M. The number N, is then given by the
expression

& w)

i=0 n—1
No=% — 200 T V). (39)
e=1 -
I (@) !
)

The sum goes over all possible solutions of Eq. (32).
To give an idea of how rapidly V, increases we list N,
for the first few orders. For large » N, goes approxi-
mately as 27 n!
Na
1
2
10
74
690

7 The author is grateful to H. Wahlquist for the derivation of
formula (33).

N O I
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3. APPLICATIONS

Therefore, although the number of diagrams and the
number of contributions increases tremendously with
increasing # there are many cases which can be handled
advantageously by the diagram method. We will give
here two examples confining ourselves to the Vlasov
equation.® Its linearized version has been treated by
several authors.? The Vlasov equation is applicable to
a moderately low density fully ionized electron ion
plasma, in which the ions have negligible velocities
(they form an immovable uniform background of posi-
tive charges). Only the electrons are considered to
move at liberty but again they are slow enough so that
all effects of retardation for the electromagnetic fields
are negligible (v/¢ — 0). Equation (1) of Sec. 2 becomes
Vlasov’s equation if we drop the index of the distribu-
tion function (we only have to worry about the electron
distribution) and if we put

2N r—r

B(yvi; ' v it)=——5(—1)
m

Jr—r'|3 (34)

Here N is the number density of electrons.

The first problem we are considering here is the
following: At i=7=0 a plane polarized light wave is
switched on. Initially, the electron dlstnbutlon func-

tion f(r,v,) was maxwellian f*=f*(v)~e=". How
does the light wave disturb the plasma?
The light-wave may be described by
Ei=acos(k-r—uwi) (35)
with
a-k=0. (36)

Vlasov’s equation reads then (for :>0)

0
(—+v- V,)f= ——ia- V.f cos(k-r—wt)
ot m

2N

a&r'd
m [r—r

[f(r 0 Vf  (37)

F(r,v,8) for £>0 is given by the sum of all possible dia-
grams according to Sec. 2. It is immediately noticed
that a great simplification arises from the fact that the
initial f is solely a function of velocity. Because then
all diagrams containing a zero-order internal diagram
vanish and

r—v(i—i)—r

o-—-X= | drd%
| lr—~v(—t)— V|

SH(v)=0. (38)

8 A. Vlasov, J. Phys. U.S.S.R. 9, 25 (1945).
9L. Landau, J. Phys. U.S.S.R. 10, 25 (1946); N. G. van
Kamp)en, Physma. 21, 949 (1955); K. M. Case, Ann, Phys. 7, 349
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Without the external force (35) we can write

Hovhme « €0 o OO e L . (39)

and we see that all diagrams vanish and the general

solution 1is
frv,)=1*(v) (40)

independent of time provided it was only a function
of velocity initially. Let us now look for the effect of
the external force switched on at t=0. If the light wave
is sufficiently small we may neglect all higher order
terms but the first. In other words, only one A vertex
representing the light wave Eq. (35) is allowed in any
diagram. The only diagrams which do not vanish off
hand to this order [because of (38)] are

f(r’v’t)= x ¢ N o &r‘x\x . -.Am " (41)
The actual evaluation is easy enough and we have
¢
o/’\x =f dLA(r—v(i—t), v, 1) Pr,f*(v)
\ 0
e ¢
= ——f dt cos{k-[r—v(t—t)]—wt}
m
° Xa-Vaf*(v), (42)
or
{’\x ————a Vof*(V)F(k-v,r,t)  (43)
sin(k-r—wt)—sink- (r—‘vt)
F(k-v,r,t)= .

kiv—w

In order to evaluate the remaining terms of the series
(41) we determine the always occurring combination

—el

l 2

According to the rules of Sec. 2 we have

o8& X~ f gy ST
2 Ir

| - t—tl)—rl

XF(k-v, 1, h)a-Vy f*(V), (45)

where F is that part of expression (43) which depends

explicitly on the scalar product k-v. But by partial
integration the integral over v’ can be converted into

f BYE -V, ¥, 1)a- Vo f*(V)
dF (¥ 41)
——ak [ dav'f*(vf)(-————) =0, (46)
du u=k.v’
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which gives zero by virtue of (36). So we see that to
1st order only Eq. (42) contributes to 41. In 2nd order
we would have contributions from the following series:

XY @ A T

t 2 1

The first diagram of (47) vanishes again because of (36)
andjthe second yields

QXE%(—;—Y{F(k-v, 1, 1))?

X (a-V,)2f*(v).

If we consider (48) as a possible candidate for an in-
ternal diagram we see that by the same reasoning as
before no contribution arises. This is easily extended to
all higher orders and we have as solution for f

Fav)=f*+ e~ LN 7. 49)

all other diagrams vanish. It is not difficult to sum these
diagrams up. In fact, the general nth order term is

t 131 tn—1
f dtlf dlz“ f dtnA(l'—V(t'—tl), tl)-V,,
0 0 0

XA(I‘—V(t"—l2), 12) AZIRR A(I“V(i‘ln), tn) -V, *(V),

(48)

which is simply
1 ¢ "
——{deA(r—v(t—r),T)'Vv] F*().
nilJy

Therefore, the series (49) yields

flr,vi)= exp[ j;‘d'rA(r—v(t— 7),7)Vy ]f*(v)

=f*{ v+j;‘drA[r-—v(t—f), -r]}. (50)

f=fotfi(x—vi, )+ K-—-:\X +

%

all other diagrams either vanish or give a higher order
contribution with respect to fi. For fi let us take

fr=eb(v)eikr (56)

e measures the strength of the anisotropy. Expression
(56) really is only a Fourier component of the arbitrary
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If we insert expression (42) into (50) we obtain finally
the desired result

AL e sin(k-r—wt)—sink- (r—vt)
=f*(v a ) GV
m

k-v—o

It is easily verified that Eq. (51) is in fact a solution of
Eq. (37). The second case we are considering here is
treated several times in the literature.® It is the follow-
ing problem: Suppose that initially the distribution
function is split into two parts

f*(l',V,T) =f0(V)+f1(r,V),

where the space dependent part f1, is considered small
compared to the uniform background which we assume
to be Maxwellian

a\} m
f°<“>=(;)e T

(52)

(83)

The question is: How does the initial disturbance f;,
propagate in time? Since we do not have any external
forces the solution is entirely given by diagrams con-
sisting of B vertices. We assume furthermore that all
higher order terms of f; may be neglected. This is
equivalent to using the linearized version of the Vlasov
equation. Let us now look at the basic vertex

®---X .
From (38) and (52) we see that

o---X = o---X (54
£+ f

o---X =
*

f i

so that only fi survives as a zero-order internal diagram.

Therefore, we obtain a complete description of the time

development of the distribution function through the

following series:

; (55)

density fluctuation
()= 2n)* [ p(yeat,

but since the series (55) is linear in f; we may first sum
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it and then integrate over k to obtain the result for an
arbitrary p(r). The particles represented by f, are also
considered to be at rest initially. After some calculation
it is found that

K\ | . . Vufo(v)
-—=X  X=dwie— | dieix vl

£ £ mJo k?

! (87)
= (4,’,.@)2“( ) dlze'k [r—-v(t—t1)]
Vafo(v) (58)

1—t 1—2k——-———,
X (h—t)g((h—t)k) »

and in general,

f
dxe2N tnm1
= —ze( f . f dt,

Xe“"['—'(“‘“)](ll—tg)g((tl—tz)k)(tz—13)g((tz—ta)k) .

v/j0 )
n-—l n)g[(tn—l—'ln)k] f (v ]

(59)

where g(k) is defined as the Fourier transform of the
background distribution function

o(tk)= f d"vfo(v)e““k'v=exp(—gﬂ) (60)

OLDWIG VON ROOS

from (53). The general expression (59) can be simplified
considerably by noting that the time integrals are
nothing else than a number of convolution integrals
“nested” into each other. If we define the Laplace
transform of exp(—itk:v) and g(tk) by

£(e—ztk v) f —-xte—ttk vdt—(s+1k V) —l= a(s (61)

(g (k)= f eotg (k)di=B(s)
(m)*

exp (as?/k2) { 1— ¢[ ( - ) }] } (62)

we see that the Laplace transform of the general term

(59) is
dr@N\ "
£(Eq. (59))=_ie(_*__ gikr
m

K-Vofo(v) a(s)
———i(l s( )(I—SB(S))"“‘ (63)

It is therefore easy to sum the Laplace transform of the
series (55) and the result is

4reN
L(f—fom f)=ie——re*"
m
k- Vofo(v) als)
X (1R 1-8(0]), (69
where we introduced the Debye-Hiickel length
Ap= (kT /4we2N )1, (65)

Expression (64) can easily be shown to be identical
with the result obtained by Landau® and Berz."

10 . Berz, Proc. Phys. Soc. (London) B69, 939 (1956).
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A quantity Z (essentially the action mtegral) is shown to be stationary for small periodic deviations from
the actual motion. By choosing approximations to the motion containing the frequency and some other
parameters, it is possible to make this variational principle the basis of an approximate determination

of the motion.

Quite simple trial functions are found to give surprisingly accurate values for the frequency and the
Fourier components of the motion. Comparison between the exact solution and ours for some systems

is given.

I. INTRODUCTION

N recent years, variational techniques have come
into wide use as a method of obtaining numerical
results when exact solutions are not available, or not
convenient for computation. The purpose of this brief
note is to point out the existence of a very simple vari-
ational procedure which is of use in studying the motion
of a classical vibrating system with one degree of free-
dom. The method was developed by Luttinger and used
by Luttinger and Goodman! to study a problem which
arose in the theory of cyclotron resonance for degenerate
bands. The accuracy of the numerical results obtained
there was so encouraging that it was thought worth
while to publish the method independently, along with
some simple illustrative examples. As is seen from the
results given below, relatively simple choices for trial
functions give quite accurate values for the frequency
and Fourier components of the motion of the system.
The latter we regard as perhaps the more important
contribution of the method, since it seems rather
difficult to get a hold on these coefficients by direct
means. We may mention that in studying (say) the
absorption of radiation by such a system, it is these
Fourier coefficients which play a determining role.
In Sec. II, the general method is presented, and in
Sec. III some illustrative examples are given and
compared with the exact solutions.

II. GENERAL FORMULATION OF THE METHOD

Suppose we have a classical system with one degree
of freedom, which is described by a generalized co-
ordinate g. Let the system have a Lagrangian L(g,4),
where ¢=dg/dt. Consider the quantity defined by

- f (Ligd)+E)ds, (1)

where E is the energy of the motion and 7 is the

period of ¢(f). What we shall show is that if ¢(¢), T

differ by small quantities of first order from go(t,E),

To(E) (the exact solutions of the equations of motion
* Supported in part by the Oﬂice of Naval Research.

(1] M. Luttinger and R. R. Goodman, Phys. Rev. 100, 673
1935).

for the system with Lagrangian L), then Z differs from
Zy by quantities of the second order. That is, the
quantity Z is stationary for small periodic deviation
from the actual motion.

To see this we write

9= qo+0g. (2)
Then

Z= f (L(go-3g,do-+540)+ E)dt

oL,
f (L(QO,QO)+—6q+———5q)dt+ET
aqo g

oL, oL,
f (L(qo,qo)+ ——— )]54)45
g0 i)
+—~6q +ET
9do |40
T aLo T
= [ Lasdodi+—tq| +ET 3)
0 e o

on{ using the Lagrangian equations of motion. We may
rewrite (3) to the first order as

To

T
Z= f (Lo+E)dt+ Lodt
(1]

To
aLo |7
+——6ql}
ddo
= Z0+ (Lo(t= T0)+E)(T— To)

0Loy(t=To)
47

* FE(T—T)

[y

[8q(To)—8¢(0)], (4)
aqo

where we have used the fact that ¢o has the periodicity
T. Clearly,

8q(T))=q(To)~qo(To)=g(T+(To—T))—qo(T0)

=¢9(T)—go(To)+¢(T)(To—T)+- - - (5)
=8¢(0)+go(To) (To—T)+- -+,

i21
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to the first order. Therefore, (4) becomes
Z=Zy+[Lo—Go(0Lo/040) + E];= ro(T—T0).  (6)
However, the Hamiltonian of the system is given by
H=g(dL/d¢)~L. O

For the exact motion, go this is conserved and equal
to E at all times. Therefore, we get

Z=Zy+second-order terms, (8)

which we wanted to prove.
The same method of proof shows that

T
7= f (pi—H(g,p)+E)dt ©)

is stationary in the same sense as Z.

The stationary property of (1) or (9) is utilized as
follows. A guess for the motion ¢(#) is made. This will
in general contain an unknown period 7" (or frequency
w), and some other parameters 4; With this choice
we compute Z. To make the ¢(¢) we have chosen as
close as possible to the g¢o(f), we then choose the
frequency and the A; such that Z is also stationary
under small changes in ¢, just as it would for the real
motion. That means that w and A4; are to be determined
by the conditions that

0Z/3w=0
0Z/pA =0,

(10)
1)

Equation (10) actually has a simple}and plausible
physical content. Put wi=2x. ¢=q(wi) =g(),

i=1, 2, L 'ZV.

- f (L(g.0)+E)di

1 2r
(L(g(x), wg'(x))+ E)dx

wvo

dg(x)
dx

oz 2r 1 p¥ L 9L
N ER N
? 0 aq

o Wz w
[ E+—-f (—L+——q dx]
21r
[ E-l-——-f de] 0.
wz

Therefore, going back to time variables,

——f Hdt=H.

gl(x)_

(12)

(13)
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This means that although the approximate solution
does not conserve energy exactly, it must be chosen in
such a way that it conserves energy on the average
during one period.

The technique described in the forgoing gives rather
surprisingly good values for the frequency, using rela-
tively simple trial functions ¢(¢). Some insight into this
may be obtained as follows. From (13) and (7) we have

at once that
T 9L
Z= f g—dt
1]

T

= [ b
[
T

= f pdg— f pdg,
4]

which is just the action integral of the system. Now, if
we had the exact motion then from the theory of
action-angle variables, we know that

0Zo/0E=27/w,. (15)

A relationship of the same form holds for the Z, which
we compute to within second-order terms. To show this
we first note that Z will be of the form,

Z=Z(E,w,A1,A2~ * AN) (16)

On taking the total derivative of Z with respect to E we
obtain, by using (10) and (11),

(14)

dZ o7 0Zde N 9Z dd.
UE o5 2 an | Bad, iz
az
OB

s . (17)
=— @ —(wpg' () —H+E)d
- ftomor-aso

1 2%
= f dx=-—.
w w
This is quite reasonable since the Z which we compute
is, for small errors, equal to Z, within second order
terms and we would expect that w is equal to wo also
within second order terms. Therefore, we would expect
the frequency to be given rather more accurately than

properties of the system (Fourier coefficients, say),
and this turns out to be the case.

III. USE OF THE VARIATIONAL PRINCIPLE

The Lagrangian or Hamiltonian function characteriz-
ing some vibratory motion is given. We wish to find
approximate values of the frequency and Fourier
components of the motion. To do this a trial function
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of wt and one or more amplitude parameters is selected
which has the approximate form of the exact motion.
By using this trial function Z is computed and obtained
as an explicit function of the frequency, amplitude
parameters, and energy. Z is then made stationary
with respect to the frequency and amplitude parameters.
Sufficient relations are thereby obtained to provide an
expression for each which depends only on the energy.

Our first concern when dealing with a particular
problem is the choice of a suitable trial function. Linear
combinations of harmonic functions of wt will, of course,
provide an approximation of the motion. If we take our
initial condition such that the amplitude is zero at
{=0 only sines having for their arguments odd multiples
of wt need be included in any trial function, provided
the Lagrangian is an ever function of g. To see why this
is so we look at the most general harmonic trial function
satisfying the initial condition ¢(0) =0,

N
q= X A, sinmwt.

n=]

(18)

At one quarter period, wt=7/2, ¢ must be zero for a
symmetric potential. This will be true only if we
exclude terms in (18) having even integers n.

Some difficulty may be encountered in performing the
required integration using harmonic functions. This
difficulty may in some cases be circumvented by
making use of a quadratic or even linear trial function
having the form

W
g=4 (wt———— (19)
g=A(2/7)wt (20)

in the first quarter period. We could of course include
two different amplitudes in the quadratic function.
We have in fact chosen the constant factors in these
expressions so that 4 has the physical significance of an
amplitude. The method is applied to several simple
systems.

1. The Harmonic Oscillator
The Lagrangian for the harmonic oscillator is
L=3(g—¢), 21

taking the force constant and the particle mass to be
unity. After taking the trial function

g=A4 sinwf, (22)
Z is computed to be
1 2rE
Z= %A“‘r(w—— +— (23)
w w

If we make Z stationary with respect to 4, we find

9z 1
——=A7r(w——) =0,
dA4 @
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which implies

w=1,

24)

On making Z stationary with respect to w and by using
(23), we find that

9z A2
—=2r{ — E) =(,
dw 2
which implies
g=A42/2, (25)

The results (24) and (25) are seen to be exactly correct
for a system described by the Lagrangian (21). This
must be so since the trial function (22) has in fact the
form of the exact solution.

If Z is computed for the harmonic oscillator by using
the quadratic approximation (19)

A% 2zE At
— 1

T 3w 30

. (26)

The ratio of the period computed from (26) to the
exact period is very close to one, 1.0064. The first
Fourier amplitude has the value 1.413(E)? as compared
with the exact value (2E)3.

2. Power Potentials

The general expression for the exact period of motion
in the potential
V=%lq|" (27)
is given by
x T(1/m)

T(n)= —
(2E)(n—2)/2n n I‘(l/n-i—%)

(28)

in terms of the Gamma function for »>0. It is interest-
ing to compare the periods predicted by formula (28)
with those found by the variational method for various
trial functions. In Figs. (1) and (2) we have plotted the
percentage error in the period computed for the first
two harmonic trial functions. Power potentials for #
up to 4 have been included. If only the first harmonic
is used the error is less than 19). The inclusion of the
third harmonic in the trial function reduces this error
by a factor of ten.

Fic. 1. Percentage error 2
in the period computed for <
the power potentials V=4%|g|"
by using the trial function
q=A1 sinwt, 8.0,

ns2 n=3  nsq
Power Potentiol, v=1/2]q|*
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& 0.
-«
£ F1e. 2. Percentage error
= in the period computed for
g the power potentials V=3%|g|»
o by using the trial function
g03- g=A, sinwi+A4; sin3wt.
€02
Soit
a T

OO "z T

Power Potential, V= 172 |q|*

Computations for these same potentials were carried
out using linear and quadratic trial functions (20) and
(19). Figure (3) shows that the linear approximation
becomes progressively better as » becomes larger.
The explanation for this lies in the fact that the linear
solution is in fact the exact solution in the limit of
very large n. The quadratic trial function, Fig. (4)
gives results comparable with those obtained using a
single harmonic as might be expected from their
similarity.

Two cases, =1 and n= =, are of particular interest
since the motion itself can be obtained in terms of
functions with known Fourier expansions. For n=1
we have just the constant force with the well known
quadratic dependence on time. In Fig. (5) we have
plotted the percentage error in the computed Fourier
components for the first three harmonic approximations.
The predictions are about 1%, or less in error with a
progressive decrease in error for each component in
succeeding approximations.

The limiting case where » approaches infinity is
also of interest. It is seen that the potential V=Ilimu
X%|g|" becomes simply a pair of potential walls. at
g==1 with V=0 for |¢| <1. If we again take the first
harmenic as our trial function

wrE wA*T[(n+1)/2]
Z=3A%r+—— (29)
w w T[(n/2)+1]

15|~

14

13|

12]

. 11
? 10
5 o .1 . Fic. 3. Percentage error
o in the period computed for
2 8 . the power potentials V=4%|gq|"
4 ] by using the trial function
3 g=A2/m)t.
w
S 4
o
€3
e 2
&

Oz 3 n:d

Power Potentiol, v= 1/2 |q]"
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for arbitrary #. In the limit of very large #, this predicts
a period 7/ (E)* and an amplitude 4=1. The potential
wall problem can be solved exactly to obtain the
simple linear dependence on time with its well-known
Fourier expansion. Trial functions containing terms up
to the fifth harmonic were applied to this problem.
The percentage error in the components predicted by
each of these trial functions is shown in Fig. (6).
The 109 error in the period found after using the first
harmonic is reduced to about 39, when the 3rd and
Sth harmonics are included. Large errors are to be
expected when the potential well is treated by using
only a few harmonics since a Fourier representation of
the discontinuous motion requires a large share of the
higher harmonics. The application of all harmonic and
polynomial trial functions to the power potential leads
to expressions for the period having the same energy
dependence as the exact expression (28). This is also
found to be true for the amplitude expressions. Frac-
tional errors involved in these quantities are therefore
independent of energy.

o
Q
i

~
o
T

L Fic. 4. Percentage error
in the period computed for
the power potentials V=}|g|"
by using the trial function
g=A (wt—uw't/r).

g
o
I

Percentoge Error in the Period.
L]

g

nsl  neZ n=3  nsd

Power Potentiol, V=12 "

3. Simple Pendulum

The exact period of the simple pendulum character-
ized by the potential

V=gl(1— cosb) (30)

T'(60)=4(1/g)*F (x/2, sinfo/2) (31)

in termsof the elliptic integral of the first kind F(x/2, k).
6 is the angular amplitude which determines the energy
of the system. [ is the length of the pendulum and g
is the acceleration of gravity.

Z was computed by using two trial function; the first
harmonic, and the quadratic. In each case we encounter
a transcendental equation for the amplitude parameter
which must be solved before this quantity can be
eliminated in the expression for the period. In Fig. (7)
we have plotted the percentage errors computed using
the first harmonic and quadratic trial functions. For an
angular amplitude 8,<w/2, they are seen to be only a
few parts per. thousand.

is given by
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The exact equation of motion for the simple pendulum
can be expressed in terms of the Sz function by

0=2sin"Y{kSn(t(g/D)}, B)}, (32)

where k=sinfo/2. It would be desirable to express 8
as a Fourier sine series, but there does not seem to be
any elementary way to accomplish this. We can,
however, take as our variable

n=sing/2, (33)

as suggested by Eq. (31). The exact equation of motion
then becomes

1=kSn(t(g/D} k). (33)
7 can now be expressed in terms of its Fourier compo-

nents by making use of the known expansion of the
S» function?

i)

1o

where
q == e—"K 'IK

k=sinfy/2= (1—k"%)}
K=F(x/2, k)
=F(x/2, k).

¥16. 5. Percentage error

in the Fourier components

of motion in the poten-

tial V=4%|g| using trial
N

functions g= Z A, sinmwt.
n=l

2.0 *

n=1ith harmonic and N
=number of harmonics
included in trial function.

1.0~

Percentage Error in Fourier Component,

i
0.0 nsi ne3 Nl ".31\-5
N={ N=2 N=3

We can now proceed in the same manner as before since
it is evident from (34) that 9 is also periodic. Expressed
in the variable 5, the Lagrangian for the simple pen-
dulum becomes

L 22 (d'r])2 i
= — ) —2glp%.
1—n2\ dt 8

By using the first harmonic as a trial function, Z is

(35)

2 H. Hancock, Theory of Elliptic Functions (John Wiley & Sons,
iInc., New York), p. 236.
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Fic. 6. Percentage error in the Fourier components of motion
N

between infinite potential walls by using trial functions ¢g= Z 4,
n=1

Xsinnwt. N=number of harmonics taken in trial function.
found to be
27rE 2¢glw A?

Z=——~4-4lwor{1— (1— A2} e
w w

(36)

for the Lagrangian (35). The first Fourier amplitudes
found from (36) are 0.387 and 0.745 for 8 equal to
w/4 and 7/2, respectively. These compare remarkably
well with the exact values 0.386 and 0.733 computed
from (34).

4. Anharmonic Oscillator

Numerous linear combinations of the various power
potentials can be formed and treated by our variational
procedure. One such potential is that associated with
the anharmonic oscillator. It has the form

V="3ai+8¢), @37

where « and 8 are constants. The exact period for this

4 B N S W O N B Y B A
(R l | I
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Fi1c. 7. Percentage error in the period computed for the potential
V(@)=gl(1—cosf) at various angular amplitudes by using the
trial functions #=¢ sinwt and #=¢ (wt—w*?/7).
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potential can be written as

T(a,ﬁ,E)=[2—E(:—+—e)~:];FE, (6 6”)%], (38)

ot (@ 8EB)}

AR AL
2

ot (B+8ER)Y

Z is the easily computed to be

where

I

by using the first harmonic asa trial function. (39) yields
the angular frequency

98E\
i ] (40)

a 2
w= ——I——a(l-l-—
3 3 2

Qa

The ratio of the computed to the exact period found
from (38) is 1.0003 for the case where a=8=E=1.
Another interesting combination

V=#{elq|+6¢%},
having the exact period

Ty B = | T sin
aB,E)=— ——sin~
V312

(41)

1, (42)
(’—8EB)*

also can be treated by the same methods.

M. LUTTINGER AND R. B.

THOMAS, JR.

5. Luttinger-Goodman System

As a final example, we wish to treat briefly the system
having for its Hamiltonian

H=3{a(¢+)£[B(@+ ) +Ngp*]}.

The investigation of this and similar systems led
initially to the development of the procedure presented
in this note. The exact period for the Hamiltonian (43)
can be written in terms of complete elliptic integrals
of the third kind, but no closed expressions for the
Fourier components may be obtained.

By taking for our trial functions

(43)

g=A4 sinwt
p=A coswt,

a Z can be computed, which yields the expression
1 T
wi=aﬂ:—(4ﬁz+)\2)%.E(—, k)
T 2

for the angular frequency in terms of the elliptic
integral of the second kind, where

B=N/ (48%-+N2).

Note that as in the harmonic oscillator the frequency
of this system is independent of energy. For the case
where a=2V2, 8=v3 and A=2V3, the wvariational
angular frequencies are w;.=4.9346 and w_=0.7222,
which bear the ratios 1.0026 and 1.1433 to the exact
values, respectively.
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The current density in a deformed conductor is assumed to be a function of the electric field and the
deformation gradients. The form of the relationship is restricted by invariance under changes in orientation
of the physical system. Material symmetries impose further restrictions. The resulting form for isotropic
materials is given. Simplifications are obtained in the cases of small deformation and large homogeneous
deformation. Generalizations and further applications are pointed out.

1. INTRODUCTION

N a previous paper! the manner in which constitutive

equations in continuum physics may be formulated

is discussed in general terms. In the present paper, we

apply the procedures of the previous paper to formulate

constitutive equations for electrical conduction in a
material which is subjected to an initial deformation.

We take as our starting point the assumption that the
current density vector at any instant of time is a
single-valued function of the electric field and deforma-
tion gradients at that instant. We then determine the
restrictions on the form of the constitutive equation
imposed by the consideration that it is unaltered by a
simultaneous rotation of the physical system and the
coordinate system. The further restrictions imposed on
the form of the constitutive equation by the assumption
that it is isotropic and possesses a center of symmetry
are then determined.

Next, we consider the manner in which the resulting
constitutive equation can be simplified by the assump-
tion that the deformation to which the body is subjected
is small. In Sec. 6 we consider the case when the
deformation is pure homogeneous, but not necessarily
small. Finally, in Sec. 7, it is pointed out that the
constitutive equations derived in the paper can be
applied to other areas of continuum physics than
electrical conduction in deformed materials, in which
we are concerned with the dependence of a vector on
the deformation gradients and another vector. Also,
it is pointed out that constitutive equations of similar
form, in which however the scalar coefficients depend
on time, can be applied to certain classes of time-
dependent problems in the continuum physics of
isotropic materials. However, in all these cases we
assume that the phenomena with which we are con-
cerned are quasi-static in character, so that complicating
effects due to such phenomena as magnetic induction
and moving electric currents may be neglected.

2. SOME FUNDAMENTAL CONSIDERATIONS

Let us suppose that a body is deformed in such a way
that a particle initially at X; in a rectangular Cartesian
coordinate system x moves to x; in the same system.

1A. C. Pipkin and R. S. Rivlin, Arch. Ratl. Mech. Anal. 4,
129 (1959),

Suppose an electric field exists in the deformed body
with components ¢; in the coordinate system x, and
let us assume that the components of the current
density vector J; in the system x are functions of e,
and of the deformation gradients dx,/0X,, thus

Ji=f,-(6xp/6Xq, e,,). (21)

It follows from the results of a previous paper! that the
dependence of J; on the arguments 8x,/9X, and e,
must be of the form

Jl= (axi/an)Fi(quy G_*: Ep)a (22)
where
Gpo= (0%,/0X,) (3x,/0X,), G= ‘G:nql
and
E,= (0%,/0X p)er. (2.3)

If, in (2.1), f; is a single-valued function of its argu-
ments, so is F; in (2.2). If f;is a polynomial function of
its arguments, so is F;.

3. EFFECT OF SYMMETRY

If the material considered has some symmetry, when
undeformed and no electric field exists in the material,
then the functions F; are subject to further restrictions.
Let Z be a rectangular Cartesian coordinate system
which, in view of the particular symmetry possessed by
the material, is equivalent to the system x. We denote
the components, in the coordinate system Z, of the
current density and electric field vectors by J;and &,
respectively. We define E; and G.;, in a manner anal-
ogous to E; and G;j, by

(axz/aX )& and Gi= (axk/aXz) (axk/aX]), (3.1)

where X, are the coordinates in the system Z of a
point with coordinates X; in the system x. Since the
transformation relating the reference systems x and
Z is orthogonal, we have

G=|Gi| =G| =G (3.2)

Since the coordinate system & is equivalent to the
system x, we have, from (2.2),

j.'= (aii/BXj)Fj(épq, G—*, E_p). (3.3)

Let the orthogonal transformation relating the co-
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ordinate systems x and & be
ii=s,-,-x]~, (3.4)
with
$i58ik= 8iSki = Ojk. 3.3)
It is easily seen that

Xi=s5iX;, Je(0Xi/0FK) =51 (8X,/0u%),

~ - 3.6

Gij=5:50Gpq and E;=s;;E; (36)
From (2.2), (3.3), (3.4), and (3.6), we obtain

Fi(épqy G_%; E—p)=S;ij(qu, G_}) EP) (37)

Let ¢, and ¢; be the components in the coordinate

systems & and x respectively of an arbitrary vector.

Then, B

V=S¥ 3.8)

From (3.7), we obtain, multiplying throughout by
¥, and employing (3.8)

‘piFi(qu; G—%, Ep)='l/iFi(Gmy G—-%; Ep)

=F(say). (3.9)

We have, of course, from (3.9)

Fi(Gqu G_%v EP)=8F/6‘/’1 (310)

Now (3.9) implies that F is a scalar invariant, under
the group of orthogonal transformations {S}, say,
characterizing the symmetry of the material, of the
vectors ¢, and E,, and the symmetric second-order
tensor G, We note from (3.2) that G-¥=G-%. Thus, F
must be expressible as a polynomial in G—* and the
elements of an integrity basis, under the transformation
group {S}, for the vectors ¢, and E, and the symmetric
tensor Gpg. Since F is linear in the components of the
vector ¢, we may express it in the form

M
F= Z PRAR,

R=1

(3.11)

where Ap(R=1,2,...,M) are the elements of the
integrity basis which are linear in the vector ¢, and
Pr(R=1,2,---,M) are polynomials in G~* and the
elements of the integrity basis which do not involve
the vector ¢, at all.

4. ISOTROPIC MATERIAL POSSESSING A
CENTER OF SYMMETRY

If, when it is undeformed and the field strength is
zero, the material is isotropic and possesses a center of
symmetry, the appropriate transformation group
expressing its symmetry is the full orthogonal group.
The elements of an integrity basis for the vectors ¢,
and E, and the symmetric tensor G,,, which are linear
in ¢ ,, may be taken! as

‘l/pEp, ¢I’GPQEQ7 prPquTET' (41)

PIPKIN AND R. S.
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Those which are independent of the vector ¥, may be
taken as
EpEp! EPGPQEQ) EPGP'IGW'ET’

Gpp, GPQGQPI GPQGQTG"P'
On replacing Ax(R=12,--- M) in (3.11) by (4.1),
we obtain
F=Pw B+ P yGoeLgt Pl oG oGorr,  (4.3)

where P;, P; and P; are polynomials in the quantities
(4.2) and G4, ,

On introducing (4.3) into (3.10), we obtain
F;(Gpey G4, Ep) = (Pidjnt+PoGis+ PoGiyG i) Ex.

On introducing (4.4) into (2.2) and bearing in mind
the definitions (2.3) of G, and E,, we obtain

4.2)

(4.4)

Ji= (PigitPogisoit Pigirgpiaileis  (4.5)
where g;; is defined by

We now use the Hamilton-Cayley theorem for the
matrix g=||g;;||.- This may be stated as

g— g+ (ng)—rg 1g— 3L (rg)’

—3irgirg*+2rg? 11=0, (4.7)
where I is the unit matrix. We bear in mind that
g= ”gipgmgpi” and  €=|{gisgsill, (4.8)
and that
rG=trg, wG=trg:, rG=ug and G=g, (“4.9)
where
G=||Gyl| and g=|gil. (4.10)
On employing (4.7) to (4.10) in (4.5), we see that
Ji= (Q10:i+Qag:i+Qsgixgri)es (4.11)

where §;; denotes the Kronecker delta and Qs, Q2 and Q3
are polynomials in (4.2) and G,
If we use (2.3) and (4.6), we note that

EyE,=epgpeqy EpGpoliqg=epgpearer

and (4.12)

E oG poGarEor= €8 pofarrsts-

If we use (4.7), we see that E,E, E,GpE, and
E,G,G4E, are expressible as polynomials in

g, g, iré,
€o8pels DA  €pgpeLerer.

With this result and (4.9), we see that, in (4.11),
01, 02 and Qs are expressible as polynomials in g~ and
the quantities (4.13).

By using the vector notation J and e for the current
density and electric field strength, respectively, Eq.
(4.11) may be rewritten as

J=01e+Q:ge+Q:g%,

(4.13)

€p€p,

(4.14)
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and the quantities (4.13) may be written as

irg, rg®, trg

ege and eg’. (4.15)

ee,
If the conduction is ohmic, then in (4.14) Q,, Q2 and
Qs are polynomials in g3, trg, #rg? and #¢® only.
Another special case arises if we consider the body to
be undeformed, so that g;,=3§,;, We then obtain, from
(4.11)
J i=Qe£,

where Q is a polynomial in e,e,. This is the law govern-
ing nonohmic conduction in an undeformed isotropic
material.

(4.16)

5. SMALL DEFORMATIONS

Let u; be the displacement components in the
coordinate system x undergone by the body in the
deformation. Then,

Xi= X,~+u,~. (51)

If we make the assumption that the displacement
gradients are small compared with unity, then substitut-
ing from (5.1) in (4.6) and neglecting terms of the

second degree in the displacement gradients, we obtain
g:i=08:+2ey, (5.2)

where
€ij=%(0u:/0X ;+0u;/0X.). (5.3)

After introducing (5.2) into (4.11) and (4.13), it is
easily seen that

Ji= (R1B,~j+Rze,A,-+R3eikek,~)e,~, (54)

where Ry, Rs and R; are expressible, with the notation
e=|le;;l], as polynomials in

2 3
ire, Ire*, ire’

(5.5)

€p€py €p€pgCgy  Ep€pafqrr.

If we make the more stringent assumption that (5.4)
can be linearized with respect to the displacement
gradients, we obtain?

J,"“—'E(S1+S2Ekk+Ssepépqeq)5¢j+S46;j:]e,', (56)

where Sy, Sz, S; and Sy are expressible as polynomials
in ee,. If the conductivity is ohmic, S3=0 and Sy, S:
and S, are constants.

6. THE CASE OF PURE, HOMOGENEOUS
DEFORMATION

If the deformation to which the body is subjected is
a pure homogeneous deformation with principal
directions parallel to the axes of the coordinate system
x, then the deformation may be described by

x1=)\1X1, xz'-—')\zXz, x3=)\3X3. (6.1)

? We note, as an example, that (5.4) may provide a good ap-
proximation for J;, while (5.6) does not if €;<<1 while R:>>Rs.
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We obtain, from (4.6)

gu=A?, ge=N\d, gu=\F
and g;,‘=0 (1:?5]'). (62)
By introducing (6.2) into (4.11), we obtain
J1= (Q1F 00 Yey,
Jo= (Q1+ QA+ Qshst)es (6.3)

and

J3= (014022409 es.

01, Q2 and Qs are, or course, polynomials in the quanti-
ties (4.13). We shall denote these quantities in the
order in which they appear in (4.13) by o, @, - -
Expressions for these quantities in the case when the
deformation is pure homogeneous may be obtained by
introducing (6.2) into (4.13).

For simplicity we shall first consider that the conduc-
tion is ohmic. Then @i, Q. and Q; are polynomials in
a1, az and a3 only; which are given by

S TR

ar=1r§ =A\2FALHN2,

Olz=lf'g2=)\14—*-)\24-4—)\34 (64)
and

o= tfgs =)\16+X26+)\36.

We may in principle determine completely the depend-
ence of Qi, Q2 and Q3 on ai, a; and a; in this case by
performing the following experiments. For a given pure
homogeneous deformation, and hence, from (6.4), for
given values of a1, @2 and a; we measure the ratios
Ji/e1, Jo/€2 and Jy/es, i.e., the resistivities in the three
principal directions. We thus obtain, provided A, X2
and \; are all unequal, three independent simultaneous
equations for the determination of the values of Qi, Q2
and Q; corresponding to these values of i, a2 and as.
This experiment may then be repeated for various
values of a3, a2 and as.

7. APPLICATION OF THE RESULTS TO OTHER
PHYSICAL PROBLEMS

The constitutive equations obtained in the preceding
sections are applicable to other physical problems than
those concerning electrical conduction in deformed
materials. For example, by interpreting the vectors
J and e in (4.14) as the heat flux vector and temperature
gradient, respectively, in a deformed material, we obtain
a constitutive equation for thermal conduction in a.
deformed isotropic material possessing a center of
symmetry, in which the “thermal conductivity”
depends on the deformation at the instant of measure-
ment. By interpreting J and e in other ways, Eq. (4.14)
may be applied to the description of other physical
phenomena than electrical or thermal conduction,
which involve a relation between a vector on the one
hand and a second vector and the deformation gradients
on the other.
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We now consider that a body is deformed at time
t=0 and is then held in a constant state of deformation.
Simultaneously, an electric field is applied. We assume
that the current density vector J at time ¢ depends on
the field e, the constant deformation gradients dx,/9X,
and the time ¢ after the deformation is applied, thus

J¢=f,'(6xp/an, €p, t). (71)

Then, proceeding in a manner similar to that adopted
in the preceding sections, we see that if the material
is initially isotropic, the current density vector J must
be expressible in the form (4.14), where Q1, Q. and Qs
are functions of the quantities (4.15) and of 2.

We now consider a material in some state of deforma-
tion and assume that the current J in it at time ¢ is a
polynomial function of the deformation gradients and
electric field at time ¢ and is a continuous functional of
the electric field e(7) in the interval 0<7<¢. We now
suppose that e varies with time in some specified
manner, so that

e(r)=f(r)e*, (7.2)

A. C. PIPKIN AND R. S.

RIVLIN

where e* is independent of time and f(r) is a specified
function of time. If we follow an argument outlined
in a previous paper® and the analysis given-in the
present paper, it can be shown that provided we limit
ourselves to situations for which e varies in accordance
with (7.2) the constitutive equation may be written
in the form

J=0e*+Q.8e*+Qsg%*, (7.3)
where Q1, Q2 and Q; are polynomials in
trg, irg trgd, g}

e*e*, e*ge* and e*gle*, (7.4)

and are single-valued functions of ¢.
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The convergence of the iterated Born series for the Green’s function in nonrelativistic potential scattering
is studied in # dimensions, thus generalizing a recent study of Zemach and Klein. For spherically sym-
metrical potentials the series is proved to converge at sufficiently high energies for a rather general class .

of potentials.

I. INTRODUCTION

SIMPLE proof of the convergence of the Born
Series for the scattering of a particle by a potential
in nonrelativistic quantum mechanics was given in a
previous paper by Klein and Zemach' for a rather
general class of potentials. Our purpose will be to
extend this proof to a particle with » spatial dimensions.
While the problem considered is largely of academic
interest, one is nevertheless able to illustrate several
interesting properties of the Born expansion, and to
gain further insight into its structure. The authors
intend this effort to serve as a preliminary to the
investigation of physical problems involving many
dimensional Green’s functions, for example, neutron-
deuteron scattering. In the integral formulation of the
scattering problem, a wave function ¢(r) is sought
which satisfies
v=vot+GoVY,
=yYot+GViy, (v

where the (outgoing wave) Green’s function G(r,r’)
obeys the equation

G=Go+GiVG. (2)

The Born series is defined by iteration of Egs. (1)
and (2)

Y= E, Y 5)
G= ¥ G, @
n=0
where
Yuia(r) = f Go(£8)V (8)¥m(s)ds s)
and

Guns(e¥)= [ GtV G, 1) (©)
From the last equation the more general relation

Crsms(6,) = f Calt V)Gl r)ds (1)

*N. S. F. Predoctoral Fellow. L
t Supported in part by the U. S. Atomic Energy Commission.
1 Ch, Zemach and A. Klein, Il Nuovo cimento 10, 1078 (1958).

follows directly. It is useful to introduce an associated
set of functions

go(l’,l'/) =1
g«n(l',l")=Gn(l',l")/G0(l',l',), (8)
g(l',l") = G(l‘,l‘l)/Go(l’,l’,),

and to consider in place of Eq. (5) the series

grr)= 3 ga(r,). 9
n=0
With the notation
Go(r,8)Go(s,r")
D o(8)=——", (10)
Go(r,r')

Eq. (7) assumes the form

enemia(5,¥) = f £n(58)Der(8) Vgn(s,r)ds. (1)

A norm may be assigned to the function g as follows:

(12)

“glll =ma,x |g,~(r,r’) ! )

i.e., the norm ||g;]| is the maximum numerical value
obtained by g.(r,”’) as r and ' vary. The norm is well
defined for any function of two variables and is either
a nonnegative real number or infinity. We shall consider
only spherically symmetric potentials which satisfy
certain conditions at the origin and infinity. From
Eq. (11) we obtain

gi(rr) =f D;c(8)V (s)ds. (13)

The general form of Gy (outgoing) for p+2 dimensions

je2
" o) () (). o

where @ is the solid angle in p+2 dimensions, ' the
gamma function, and H® the Hankel function. From
the foregoing relations it follows directly that if gl is
to be less than infinity, our potential must satisfy the

2 A. J. Sommerfeld, Partial Differential Equations in Physics
(Academic Press, Inc., New York, 1949), p. 232.
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following conditions: At the origin, we require that

for p=—1, |V(r)|<c/rF, B>0
for p20, |V({@)|<¢/r*B, £>0; (15)
At infinity we demand that
[V(D)| <¢/(r)wtdr2+s, g>0. (16)

II. SIMPLE POTENTIALS

All proofs are simplified in the case of an odd number
of dimensions because of the well-known fact that the
Hankel functions of half-integral order can be expressed
in terms of trigonometric functions. For this reason
we will specifically exhibit a proof for the case of five
dimensions. However, in Appendix A it will be shown
that our work can easily be extended to any number of
dimensions. From Eq. (14) it can be seen that the
one-dimensional problem (p=—1) is completely trivial,
since each succeeding term in the Born series is multi-
plied by a higher inverse power of k. For the familiar
three-dimensional case, where

1 eik|r-r’|

)= ——
Gs prt
4r |r—r'|

(17)

a rather more elaborate analysis was necessary. We
shall attempt to generalize the reasoning now to five
dimensions where the fact that

1
8r|r—r'|3

X[eH 'l ik [r—1'|e*lm-7"1]  (18)

Go® (l',l") = —

involves a positive power of % brings in additional
complexities.

In this section we restrict ourselves to simple
potentials defined precisely by Eqgs. (19) and (20)
below. The extension to potentials of actual interest
will be given in Sec. III.

The first step in the proof involves the investigation
of the behavior at large £ of g,®(r,r’) and g,® (r,r').
Let a function f,(s) be defined by

fa(s)-":l if ISI<S
—0 if |s|>S. (19)

When V(s) is a simple potential, constants S, M,
M3, M3, - - can be found such that for all .S

[V (8)| S M1fu(s)
| ViV (8)| < Mafa(s)
| ViV;V (8)| < Mafa(8) (20)

In Appendix B it is proved that for the case of simple
potentials, given ¢>0, there exists a ko, such that if
k2 ko, [2®(r,r)| <e and |g.®(r,r')| <e/k independ-

R. AARON AND A. KLEIN

. ent of the values of r and r', i.c., [|§:®]| <e and |[g®]]

<¢/k. Let us now define

Vl=max [ D@ V@l D

According to Egs. (10) and (18) ||V]| Is proportional
to k. From Egs. (11) and (12) we obtain
llgaa®ll < Ulg=® V1D
llgantr®@ll< Ugr®ID Ulg2® VI
llgan+2@1l < (llg2®1D) Ulg=® VD™

We may now conclude that the Born series for simple
potentials

(22)

g(b) (l',l")= Z gaﬂ(a) (f,l")+ Z g3”+1(5) (r’r')
n=0Q fini]

+ 2 g2 (rr)  (23)
=)

converges uniformly and absolutely for sufficiently
large k.

We remark that by examining the form of the
Hankel functions we see that all previous arguments
remain valid if % is allowed to represent a complex
variable 2= x4y with #20. Thus the Born series for
the Green’s function (for the case of simple potentials)
converges uniformly and absolutely in the upper half
k plane when |%| is sufficiently large. We shall restrict
ourselves in what follows, however, to real positive &.

By using the foregoing results, as in the previous
paper,® one can now define a scattering amplitude and
show that the Born series for the wave function
converges at sufficiently high energy.

III. EXTENSION TO N DIMENSIONS AND
NONSIMPLE POTENTIALS

For the simple potential we may write
8= [ (klr=s)V©Gu (kls=r'|)ds, (29

where in #= p+-2 dimensions G is given by Eq. (14).
In the appendix it is proved that for sufficiently large
k one may replace the Hankel function in Eq. (14) by
its asymptotic form

23\1
B0 aymg= (=) ettt ()
7p

if at the same time one replaces the simple potential V'
by an effective potential ¥’ which is still simple. In so
doing, an error is introduced in g, of magnitude less
than e.

3 Ch. Zemach and A. Klein, Il Nuovo Cimento 10, 1078 (1958).
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Upon the foregoing replacements one finds that in
all dimensions the integral in Eq. (24) will have essen-
tially the same form as the example calculated for the
case of five dimensions in Appendix A. The basic
proof given there will follow through with the following
modifications: In 2r+1 and 2#+-2 dimensions (z=1,2,
3---) we need # integrations by parts to bring down
enough powers of % to prove the necessary the-
orems. If one examines the form of the volume ele-
ment, the limits of integration and the form of the
potential, one sees that the properties of the scale factors
in # dimensions insures that the first #—1 integrations
by parts yield no boundary terms, and that all integrals
converge.

Real potentials can now be included within the
framework of the previous arguments in the following
manner:

In n=p+2 dimensions define

Iy (r) = lr_(: Lds,
vy
1= |Ir—s(|s:)~ll s, (26)
: A
L) = f | p— ©l 4.

Suppose that for a given real potential V(s), the
function Iyi(r) as defined foregoing (j=1,2---p—1)
satisfies the three requirements

Ivi(r)< e« forallr
Ivi(r)

Ivi(ry~0(1/r) as r— o,

@7)

is continuous in r

It then follows that V(s) can be approximated by a
simple potential in the sense that given ¢>0, a simple
potential U(s) can be constructed such that*

ds<e.

|V1' . 'VjV(S)'—Vl' . 'VjU(S)'
f (28)

]r—-s’P_f

I 219 (r,r"), g2 (r,?") and §:® (r,7'), §o® (r,#') denote
the first- and second-order g functions for V and U,
respectively, it will be proven in Appendix C that
given ¢>0 there exists a ko such that for k2 &

|19 — §:®| <e
and

. €
| g2~ 2@ | < (29)

4 See, for example, the methods of E. C. Titchmarch, Theory
of Functions (Oxford University Press, New York, 1939), Chap.
X and Sec. 12.2.
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Now let
g1=g1+g1—91 (30)
g2=Jo+ga— G-
In Appendix B it is proved that
<
lg1] <e (31)
Igzl < e/k

The convergence of the Born series for real potentials
of the class specified in five dimensions now follows
from Egs. (22) and (23).

It is interesting to note that for the case of three
dimensions it is necessary to prove only that ||g||<e
to prove convergence of the Born series for the Green’s
function, whereas for the case of five dimensions we
have found it necessary to show explicitly that both
llg1| <e and [\gs|| <e/k before being able to show the
convergence of the series. In fact, one sees in general
that for the case of 2#n+1 and 2#+42 dimensions
(n=1, 2--.) one must first show explicitly that

el <e llgall <e/k, -+, llgall <e/Rm

before one can obtain an iteration formula to prove
that the entire series converges. Our methods are then
applicable to the general case.

APPENDIX A

We show here that, whereas the previous proofs seem
manifestly simpler for the case of an odd number of
dimensions, and seem to vary radically from dimension
to dimension, all dimensions can be treated in approxi-
mately the same manner. Although the proof that we
shall exhibit will be for the calculation of gi(r,) in
four dimensions only, it will be clear that the general
principle can be applied to all quantities of interest in
an arbitrary number of dimensions.

We recall that

a®(R, R)
E gr\}  H (k| R—S)H.9 (k|S—R)
-G/

3iQ H,®(k|R—R'|)
R—R'|V
IRRIVE) o an)
|R—S||S—R’|

where V(s) is a simple potential. We will now prove
that, given ¢>0, for k>ky we may replace H,®(p)
by H1? (o) asymp. [see Eq. (25)], if at the same time
we replace V(s) by a suitable effective simple potential
V’(s). In so doing the error introduced in gi:® is of
magnitude less than e.

In order to smooth the way for the following proof
let us first establish an upper bound for |H,®(Z)| for
|Z| < A. From the definition

HY(Z2)=7,(Z)+iH,(Z) (A2)
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since |J,(Z)| £C, in the region under observation, we
see first that

{H,M(Z)| SCA- | No(Z)|. (A3)

We next recall the expansion for the Neuman function

2
N(Z)=—{v+1og(32)}J.(Z)
T

1wt (p—r—1)17 2\ 2
——2——~—~(— +e(2), (A
T r=0 r! Z
where
(Z/2)r+r
» Z == -
g(2) Z( r———— '(v+r)'
1
x(1+—+ 414 -y (43)
2 2 v+r
One can readily establish that
2] < ao VARV AL SIS TV 4 <|e?] (A6)
8 ' (y—f—r)' Jriar < .

If we use the triangle inequality and combine the
foregoing results, we obtain for |Z| < A4

| H,®(Z)| < F,(4)+~C,|log(32) |

y—27

1 (p—ry— 1)‘1 @an

=0 f!

2
F,(4)= ‘ (1+—7)C

If we turn then to the integral (A1) we break up the
region of integration into three subregions

f=f + + 3
Vi Vo V—vi—Ve

where

o+ e4].

(A8)
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where V, is a sphere of radius ¢ about the point R,
and V., is a similar sphere about R’. We then consider
two cases |R—R’|>26 and |[R—R’| <25. For the
first case let k= A/5, where

| Hy® (4)— H,® asym(d4) | <k/AS. (A9)

We first examine the integral over V,

g!(V1)=g%(I2)! f do fo () ), (A10)

where we have made the transformation
u=S—R

du=ds (A1)

and
H,(k|R'-8|) |R—R’|
fa)= V(u+R).

(A12)
H:(k|R—R'|) |R'—S|

In V.f(u) is bounded, continuous, and differentiable
to all orders, i.e., | f(¥)| <B,, |f'(#)| <By, ---. From
Eq. (A7) it now follows that

(V)| s%(g)* f

Xf [ (A)+Cry logiku+— ]du. (A13)

After performing the integration in Eq. (A13), we see
that

[gl(Vl)l <D1/k, where D1=D1(A) (A14)
Likewise, it can be shown that
’gl(V2)I <Dy(A)/k. (A15)

Now let us consider g1(V—V1—V,). Because of
Eq. (A9), Hy(x)/H,asym(x) and H,asym(x)/H,(x)
are bounded and differentiable to all orders for |x| 2> A.
If we rewrite

R'[)|R—R'|

k /m\} H, asym(k| R—S|)H, asym(k|S—
gl(V'— Vl— V2)=—(“) f
3 V—vi-Vvs Hiasym(k|R—R'|)|R—S||S—

R'|
R'|)

l H,(E|R=S|)H(k|S—R'|)H; asym(k| R—
H,asym(k|R—S|)H, asym(k|S—

and treat the function in curly brackets as the new
effective simple potential V’(s), since V'(s) is still a
simple potential we may show in the same way as for
five dimensions that |g(V—V;—V;)| <constant/k.
Thus, given ¢>0 for k2> ko we can make |g|<e as
seen from Egs. (A14)-(A16).

For the case |R—R’| <25, the region of integration

vV d A
R'|)H:(k| R—R']) (s)} s (A16)

is broken up as follows:

f=f+ + :
v 141 Ve V~V1i—-V2

where V) is sphere of radius 4 surrounding R’, and V. is
sphere of radius 38 surrounding R, but excluding V,.

(A17)
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We choose =3%| R—R’|. In exactly the same manner
as in case I we can show that the integral over the
sphere of radius # is proportional to 1/k. For the
large sphere of radius 36

B s} po®
a(RR)=— —)f wduH,(kw)
3iQ\2 0
Da(w)
X d2f(u), (A18)
Qi (w)
where
H,(|R'—S|)|R—R’|
= V(u+R). (A19)
H,(x|R—R|)|R—S|

The use of the geometrically obvious relation
|R=R’|/|R"—S| <2 shows that f(u) has the same
desirable properties as in case /, and we can again
show that this integral is proportional to 1/k. The
remainder of the proof for this case follows through as
before. Now choosing %, to be the larger of the two
values required for the individual cases, we have the
desired result.

APPENDIX B

We shall prove here for the case of a simple potential
that given €>0, there exists ko such that if 22> ko, then
|g1® (r,r')| <e independent of  and 7/, i.e., [[5:®] <e.
Following that we show that |g,®|| <e/k.

Because the integral for g,®(r,') is absolutely
convergent, we may express it in hyper-spheroidal
coordinates defined by

x1=Afn
xe=A[ (£—1)(1—n") ]} cosd

x3=A[ (£—1)(1—92) ]} sinf cos¢1 (B1)
x24=A[ (£—1)(1—n?)]? sinf sine; cose:
xs=A[ (£—1)(1—n2) ]! sinf sin¢; sings, etc.,
where
A=|r—7"|/2
t=(lr—s|+[s—r"[)/24, 1<i<= (B2)
n=(|r—s|—[s—7"])/28, —1<2<1
and 6, ¢1 and ¢, are spherical coordinates such that
0<o<T, 0S @eism, 0< @K 2m, (B3)
and
=A(E—n)(1—7°)(#-1)
Xsin% sing dédndbd o dps.  (B4)
We study the integral
1
0n®(ry)= __.f dsV (s)eklir—sl+le—r'I-{r—r’|]
8r
(1—ik|r—s|)(1—ik|¥'—s|)|[r—7|3
I |¥—s|)|r—r| (B5)

(1—ik|r=r|)|r—s|3|1'—s|?
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or expanding Eq. (BS)

819 =g1,94 21,4, + 1,0, (B6)
where
V(s)eik[|f—l|+|l—r’|—|r—g'”
glu(5)=—— S
8r (1—1,klr_rrl)
[r—r'|?
[r—s|*—s[*
g ® = sV(s)eik“'_'H"_""““"‘ik [r—s{[r—r'|?
168 =—
o (1=ik|e=r'|)|r=s|?[ ¢ ~s?
® V (s)eiklin—si+ls—r'I=lr—r"ljE | ¢ —g | [r—1'| 3
g’ =— J ds
8w (1—ik|r—0'|)|r—s|3|r'—s|3
1 V(s)erlir—si+lr—si—r—rllf2| r—y'|2
gu®=— | ds . @)
8 (1~ik|r—r'|) [ r—s|2|r' —s|?

Introducing the hyperspheroidal coordinates, for
large & let us study, for example,

Ldﬂj:dn(l—nz)

= (8-1) .
X dg——V(g;mQ) éhkAE
1 (8-

| g1a] < kAP

=kAY1]. (BS)

After integrating I by parts with respect to £, we obtain

S? l)eZQkAE
I= f a0 f dn(1— ﬁ)[;k—A (En 0 ]

)
1 0
V iy
o f ag[( (w))(

)]emf (B9)
g—n

When Eq. (16) is used, the integrated term vanishes
at both limits, and we may now integrate by parts once
more to increase the power of % in the denominator.
We finally obtain

| g14® | Law(r, )+ Be(r' ) +vi(r,r)
+ 5k(f,f')+)\k(f,f’).

Let us now treat each term of Eq. (B10) in detail.
We have
A 1
ak=—k— fdﬂf dﬂV(l,‘n,Q)é“‘A‘
-1

£=1 corresponds to a line integral along the vector
r=r'. We will obtain contributions only from that part
of the integration region which is inside the potential
sphere |8| <.S. We select a number R so large that if
both #> R and ' 2 R, then g;(r,r’) as given by Eq. (BS5)
is less than € in magnitude for all k. (That such a

(B10)

(B11)
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choice is possible can be seen by examining Eq. (BS)
after integrating by parts once.) We consider therefore
only the interesting case where at least one of the
variables, say 7/, is less than R. From the inequality

28— Bn)=|r—7 |+ |7/ —s| = |r—s]|
L2|r—s|<2R42S, (B12)
we infer
An2 A— (R'+-S). (B13)

Hence, in Eq. (B11) the range of 7 is effectively limited
by the inequality

212 1—-A(R+S). (B14)
Thus
M,
| et S—k-Q(RJrS). (B15)
We next consider
Br=—— fdﬂfd‘n(l )
Xf EE———————eMA‘E—‘) (B16)
. 1 (8—) ot
Since I
77_\ (B17)
(8—7°)
4A 1 00
IﬁkIS-k—fdﬂf dnf |VVe|ds,.  (B18)
-1 1

With the definition f,(s)=f:(£1)f:(2), we find upon
substitution of Egs. (20) and (B18)

AAM Q. pt o0
1841 < f dn f flgmdss.  (B19)

As £ varies from 1 to « for fixed 7 and 2, the vector
s; traces out a hyperbolic path beginning somewhere
on the straight line segment running from r to r’. The
total length of this arc, which is intercepted by the
sphere |s|<.S depends on the position of r and r/, but
In any case never exceeds a circumference 2r.S. Hence,
in view of Eq. (B19) we obtain

40M,
(8] ST(R‘FS)(ZFS)- (B20)
We now treat vy, where
A2 1
Y= f Y] f dn
k -1
00 2_1 1_ 2
Xf S, )(VEQV)eZ“‘A(E‘Dds5. (B21)
1 (&8—m)
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in the same way as i, except that (£2—1)}(1—9%)iA
is included with the @ integration to give an additional
line integral to be considered. Since # is a spherical
coordinate, we are interested in an arc of a circle cutting
the potential sphere. This will be less than the circum-
ference of a great circle of the potential sphere. Thus

QM
|7k S~k—(R+S)(2'nS)2. (B22)
Again
ZA 1 )
. 5k—-k— fdﬂjil dnj; devV ()
T s (B23)
(8—n?)?
If we define
fo(8)=f: @ f(EM) =1 fo(E) fo(m),  (B24)
we have
4MQ . AM QAE)E:
al <R ane-——| . @2
k 1 £1

where & and £; are the curves of constant £ which bound
the potential sphere. We thus have

At— ) =3 (| 1—8;| +1'—s]
—|t—8)| —{r'—s1|) < [s2—8:| 25 (B26)

since 51 and S: are points on the surface of the sphere.
Finally, we obtain
[0x) SBMQS/k. (B27)

To conclude the proof we must study the integral

8 f a0 f dn(1—1?) f AV (£ )

2

X
(8—7)

Qs (B28)

Now

SMLA p! © g
i< fan@[ == [ ot [ aes

—q —1.
L 1 (8=
After noting that
f dn(1— nz)zf d,g———<A (B30)
w (£-1)°

(B31)

Lo g Log
f_ld"fl (zﬂ—ﬁ)gf_l (1—22)7’
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and
AdO=dS,(n=0, £=V2), (B32)

and applying the previous reasoning, we find that

8M,
[N\ S~k—(41r)(27rS)[A+B]. (B33)

The remaining contributions to g;® can be treated
similarly.

In order now to prove that ||g:®| < (e/k) for k2 ko
we follow again essentially the same argument as that
just given. We have

kASRA

r(1— szA)f f n

X f QLR (E,2) WD g (£ Q) f a
1

g (ry')=

1 ")
Xf dn’f dEF(E Q)+ @D (B34)
-1 1
where

F(gn)=(1—-p)(8-1)/(E-m")V(EnQ) (B3S)
gEmQ) =k(A")/m(1—2ikA"). (B36)

Integrating by parts twice with respect to £ and
bounding the result, we find

A 1
Ol < [ dsz[ [
-1

1 o (FII +2 IFI+F II)
_f dnf PG Sl l
-1 1

V(1,n,0g(1,m)

A?

! ®
X ‘kA“fdQ’f dn’f ag'
-1 1
L Em A=) VE )
-1 ¢

], (B37)

where a prime represents differentiation with respect to
£. Note that V(#,7,Q)/E? is a simple potential. The
second factor enclosed by absolute value signs is then
of the form already treated in the study of g,®® and is
therefore known to be less than e for k sufficiently large.
The first factor can be shown to be bounded by similar
arguments. Together it is possible to conclude the
result {|g.|| < ¢/k.
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APPENDIX C

We now wish to prove the following statement.
Given >0, there exists a ko such that for k2 kg

(C1a)
(C1b)

lg1—g1| <e
lga—g2| <e¢/k

under the conditions on the potential stated in (1.16)
and (3.4). The proof is given for the now familiar case
of five dimensions, the generalization to higher and
lower dimensions being obvious. First consider |g,4®
—§14"®| after having integrated by parts once

|916®—§:d®| = | g14P 415 |

<1914® |+ [9:8®1{, (C2)
where
(1— 7)2)(&'2 1)
glA(5)=Z1 szAAzf dﬂf d"f S
XVE[V(EM;Q)_ U (E,n,ﬂ)]ew““‘“” (C3)
g13(5)=— f do f dn f aip "
2i 1—2ikA (Z—e
XLV (En,2)— U(gn,Q) JekaED, (C4)

One now introduces five-dimensional spherical co-
ordinates as follows:

0<s'<»
0<Lalr

x1=5' cosa,

x%,=35" sina cosb,

x3=s" sina sinf cos¢;, 00K T (C5)
x4=3s' sine sinf sing; cosps, 0L 1< 7w
xs=3" sina sinf sing; sing;, 0< @< 2.

In five dimensions one easily can show the following
relations to be valid:

ds=s"'ds’ sin’ada sin?0df sin¢1d o1d @2 (C6)
ds=ANE—7)[(£—1)(1—n*) J}dQdnds; (CT)
s’ sina= AL (8—1)(1—n*) ]} (C8)
(B—1)=|r—s||r'—s| A% (C9)
where
r+r
s= ) +s’. (C10)

After some algebraic manipulation and the use of
simple inequalities, one obtains

|g“‘l\’fds(lr —s2 |fis|2)

Xsine| Ve [V (s)—U(s)]|.

r+r
—s

(C11)
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Likewise one sees that

Al A2(1—n2)?
'“'\f (lr—s|[F—s])? [¢'|* sin'a
X|VE)=U®E)|. (C12)

Note that in the neighborhood of a singularity of
either the type 1/|r—s| or 1/|r'—s|, as s—r for
example, from Egs. (B12) and (C10) that

A(l—n?)<4|r'—s| (C13)
and

|s'| ~A/2. (C14)

Now applying conditions expressed in Eqs. (26)-(28)
to Eqs. (C11) and (C12), it is easy to see that

0O~ 0] <e.

Finally, let us very briefly outline the method for
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proving that |g.®—g,®| <e/k. First we write
g2(r,1")—ga(x,1)

eI

RA% RA
X[V~ UJeikatnx —
x 1—2ikA’

xfoo [ ol

X[V — U Jeirs &=,

(C16)
where

A'=(¢+n)A. (C17)

We now integrate by parts twice with respect to ¢
and once with respect to £. By using methods previously
demonstrated, after much laborious calculation, one
can indeed show that (C1b) is valid.
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For a single nonrelativistic particle moving in a spherically symmetric potential, the existence of the
Hilbert space wave operators and S operator is proved and phase shift formulas for these operators are
deduced. The probability, P (), for scattering into the solid angle @ is obtained from the time dependent
theory. The relation between P(Q) and the R matrix of the standard plane wave formulation of scattering
theory is established. For collimated incoming packets, it is shown that P () can be expressed as an energy

average of the differential cross section.

I. INTRODUCTION

HE importance of the asymptotic behavior of the
field operators in quantum field theories has re-
cently motivated mathematically rigorous studies of the
asymptotic behavior of the solutions of the nonrela-
tivistic Schroedinger equation.’~® In these studies the
Hamiltonian operators of the free and interacting par-
ticle are defined as Hilbert space operators following
Von Neumann® and Kato,” so that the kind of con-
vergence involved in the asymptotic limits can be pre-
cisely specified. Suitable restrictions are placed on the
scattering potential V(x); for example, that V(x) be
square integrable over any finite region of three-
dimensional space, and that as 7 — o V(x) be 0(r~—¢),
where r is the radial variable in spherical coordinates
and €>0. It is then possible to prove that for every
Hilbert space element % (i.e., for every normalizable
wave function, %#(x)), there are elements %, belonging
to the continuum subspace of the total Hamiltonian A
such that as the time ¢ approaches ¥ oo,

(1.1)

in the sense of strong convergence in Hilbert Space. In
Eq. (1.1) H, is the kinetic energy operator and H=H,
+V (x). Wave operators Q. are defined by the relations
uy,=8Q,u, and it is shown that they and their adjoints
Q.* obey the relations

Qi*9i= 1

exp(—iHo)u — exp(—iHt)uy

(1.2a)
and

Qiﬂﬂ:* = Pc, (1 .2b)

where 1 is the unit operator and P, is the projection
operator onto the continuum subspace of H. The S
operator is defined as the operator, which connects the
incoming and outgoing states associated through Eq.

1 J, M. Cook, J. Math. Phys. 36, 82 (1957).

2 J. M. Jauch, Helv. Phys. Acta 31, 127 and 661 (1958).

37. M. Jauch and I. I. Zinnes, Nuovo cimento 11, 553 (1959).

4+ M. N. Hack, Nuovo cimento 9, 731 (1958).

&S, T. Kuroda, Nuovo cimento 12, 431 (1959).

¢J. Von Neumann, Mathematical Foundations of Quantum
mechanics, translated by R. T. Beyer (Princeton University Press,
Princeton, New Jersey, 1955).

7 Tosio Kato, Trans. Am. Math. Soc. 70, 195 (1951).

(1.1) with a given time-dependent continuum state. It
follows that

S=0_*Q, (1.3)

and that S is unitary. Equations (1.1) to (1.3) thus
provide a mathematically rigorous time-dependent
basis for scattering theory.

The present paper adds to the foregoing considera-
tions in three respects. First, Eq. (1.1) is proved for
potentials which are effectively O(r—2*¢) rather than
0(r—*¢) as r — 0. Second, explicit phase shift formulas
for @, and S are obtained. Third, the experimentally
important formula for the scattering probability as an
energy average over the usual differential cross section
is deduced from the time-dependent Hilbert space
formalism.

The material is presented as follows. In Sec. IT a
well-known eigenfunction expansion for the Schroedinger
equation is stated so that it can be used to define the
Hamiltonian operators. In Sec. III, the Hamiltonians
are defined. In Sec. IV, Eq. (1.1) is proved and the form-
ulas for @, and S are obtained. In Sec. V the formula for
the scattering probability is derived.

This section will be concluded with a statement of the
precise conditions imposed on V(r). It is assumed that
V (r) is Lebesgue integrable over any finite interval not
including the origin, that for 0<R< «

R
f rV(r)dr< o, (1.4a)
0
f V(rydr< o, (1.4b)
R
and that either
f V (s)ds belongs to L2(R,®), (1.5a)
orasr— o,
V(r)=0(r"1"9). (1.5b)

The notation L?(a,b) designates the class of functions,
which are Lebesgue measurable and square integrable

139



140

on the interval (a,b). Equations (1.4) are used to estab-
lish the eigenfunction expansion; one or the other of
Eqgs. (1.5) is joined to Egs. (1.4) in the proof of Eq. (1.1).

II. EIGENFUNCTION EXPANSION

In this section, the bound state and continuum solu-
tions, Vo1 (8,0)r W1 (r), of the Schroedinger equation are
used to generate a mean-square eigenfunction expansion
of the Hilbert space elements, %, which is used in Sec.
111 for the definition of H and Hy. The expansion theo-
rem could be obtained as a special case of a general
theorem of Titchmarsh® by adapting his proof to the
conditions of Eq. (1.4). However, for the simple problem
under discussion, the elementary approach used here
serves its purpose in a direct way in terms of formulas
which the physicist will find familiar. For ease in refer-
ence in later sections, the angular and radial parts of
the expansion theorem are treated separately.

Let L? designate the Hilbert space of complex-
valued Lebesgue measurable functions, #%(x1,%s,%s3),
which are square integrable on — o <x;<®,i=1, 2, 3.
Let u(rf,¢) be an abbreviation for wu(r sind cose,
7 sinf sing, 7 cosf). Then r(sinf)}u(7,8,¢) is measurable
and squareintegrableon (0 7< »,0<0< ™, 0K < 2m).
Let V,..(0,¢) designate the normalized spherical har-
monics. As is well known, it can be shown that?®

r(sinf)}u(r,0,0) = lii;'m.E L(sinf)}¥,.:(0,6)ami(r), (2.1)
where

o () = f V@ p)rurpe)de.  (2.2)

In Eq. (2.1) the notation Y ; stands for

L l

> X.

=0 m=—1
The notation l.i.m. means the limit in mean square on
the interval (0<r<w, 00T 0<¢<27x). In Eq.
(2.2), dQ stands for sinfdfd¢ and Jfi, indicates integra-
tion over (058, 0<¢<2xr). The functions am(r)
belong to L2(0,) and have the property that

II“IPEf dxlf dxzj dxalu(xl,xg,x3)|2

=wa lami(r)|2dr. (2.3)

Conversely, given any set {B.i(r)} of functions be-
longing to L?(0,) and such that the right-hand side
of Eq. (2.3) is finite, the right-hand side of Eq. (2.1)
exists and defines a function g(x1,%s,%3) belonging to L2.

8 E. C. Titchmarsh, Eigenfunction Expansions, Part I1 (Oxford
University Press, New York, 1958), Chaps. 12 and 15.

¢ A proof is given in O. E. Lanford III, Thesis, Wesleyan Uni-
versit%f, 1959, Chap. II. This paper henceforth will be referred
toas I.
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Moreover, if vmi(r) is the function calculated for
g(x1,%2,%3) from Eq. (2.2), ymi(r) equals Bni(7) almost
everywhere. Equations (2.1) and (2.2) thus establish a -
one to one correspondence between the elements of L?
and the sets, {ami(r)}, of functions for which the right-
hand side of Eq. (2.3) is finite.

Since each ami(r) belongs to L2(0,), it can itself be
expanded in mean square on (0, ) according to

N
a,,,z(r)=l.i.m. Z amlnlﬁln(f)
N—®w n=0

+1im. f Smi(BWi(r,R)dE, (2.4)
where ’

Cmtn= f i (Wi ()i, (2.58)
0

and

puith)=Lim. [ W, (2.5b)

Furthermore, for each (ml),
[ e otr=3 Jaw+ [ omt®l . (26)
0 n=0 0

The ¢1.(r), n=0, 1, - - -, are the normalized eigensolu-
tions of the radial equation

— ' QU+ 1) 24 2uV ())u(r) =Ru(r), (2.7)

for £2<0. The function ¢;(r,k) is the solution for 2> 0,
which is normalized so that

Yi(r,k) — (2/7) (sin(kr—im/24-6:(k))

as r — o ; §;(k) is the phase shift. For all £ the solutions
are 0(r**1) as r — 0. The scattered particle’s mass is u;
its total energy is k*/2u.

With each ani(r) belonging to L?(0,), Egs. (2.4)
and (2.5) associate a function ¢.i(k) belonging to
12(0,0) and a set of constants am» such that the right-
hand side of Eq. (2.6) is finite. Conversely, given a
function x,.;(k) and a set of constants Bmi» with the
above properties, Eq. (2.4) defines a function Bmi(r)
belonging to L2(0,). If £,x:(k) and ¥mia are calculated
for Bmi(r) from Egs. (2.5), Bmin="Ymmn for all # and
Emi(k)=2xmi (%), almost everywhere. Thus Egs. (2.4) and
(2.5) establish a one to one correspondence between the
ami(r) belonging to L2(0,0) and the sets {¢mi(k),amin}
for which the right hand side of Eq. (2.6) is finite.

A proof of the radial expansion theorem stated above
has been given by Kodaira.!® In this proof it was as-
sumed that V(r) is continuous on (0,), that V(r)
=0(r2t¢) as»— 0, and that V(r)=0(r""¢) as r — .
These conditions are equivalent to those of Eq. (1.4)
for physical applications, except that Eq. (1.4) allows
discontinuous potential wells of the kind which are

1 K. Kodaira, Am. J. Math. 71, 921 (1949).
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frequently convenient in practice. One of the authors
(T.A.G.) has proved the expansion theorem using Eq.
(1.4). The proof will be omitted.

Equations (2.1)-(2.6) jointly establish a one to one
correspondence between functions % (x,%s,23) belonging
to L? and the sets of functions and constants
{dmi(k),@min} such that

D> {f:|¢mz(k)l2dk+§0lamm|2}<w. (2.8)

1=0 m=—1

Moreover, by Egs. (2.3) and (2.6)
=% zl[ [ loutwrar+5 lamw]. (2.9)

The set {¢mi(k),amin} will be referred to as the trans-
form, Fu, of the Hilbert space element, %. This element
is then the inverse transform, F-1{¢u;(k),0mi.}, of
{Dmi1(k),amin}. It is easy to verify that the elements
{Pmi(k),anin} such that the right-hand side of Eq. (2.9)
is finite constitute a Hilbert space with a norm given
by the right-hand side of Eq. (2.9) and self-evident
rules for addition, etc. The transform depends on the
potential. It will be convenient to denote by Fou the
transform calculated with V(r)=0. In this case, there
are no bound states so no coefficients am;» appear.

III. OPERATORS H AND H,

The transforms introduced in Sec. I are defined in
terms of the solutions of the Schroedinger equation.
Hence, it is physically clear that H must be the operator
multiplication by (k?/2u) in the space of the transforms
{®mi(k),omin} and that H, must be the corresponding
operator for V(r)=0, provided that the operators thus
defined are unique and self-adjoint.

For a given V(r) and /=0, however, it is well known
that Eq. (2.7) belongs to the limit circle case at »=0.
This implies that ¥o(r,k) (and, thus, the transform) is
not unique; it also implies that ¥,(r,%) is not necessarily
0(r) as »— 0. Hence, a boundary condition must be
imposed to fix Yo(r,k) uniquely. That the boundary
condition Yo(r,k)=0(r) as r — 0 is the correct one is
suggested by physical considerations. It is required by
the physical interpretation of the quantum theory that
the free particle Hamiltonian H, be the self-adjoint
operator multiplication by |k|?/2u in the space of
Fourier-Plancherel transforms #(ki,ks,k3) of the func-
tions #(x1,%s,%3) belonging to L2. This follows from the
interpretation of |#(ky,ks,ks)|? as the probability den-
sity for momentum. It may be shown!! that the operator
multiplication by %?/2u in the space of transforms with
V(r)=0is identical with H, if and only if ,(7,k) =0(r)
asr—0.

The boundary condition being thus determined, the
operator H is defined as follows: The element, #, whose

11 See Appendix A.
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transform is {@ni(k),@min} is in the domain D(H) of
H if and only if

T 5 { f 1k2¢m,(k)|2dk+é |Bulamn|? <0, (3.1)

=0 m=—1

Then, by definition,
Hu=F-Y (&/20)bmi(k), (k102 21)tmin},

where k;,* is the eigenvalue of the eigenfunction ¥;,(r)
of Eq. (2.7). H, is defined analogously for V(r)=0. It
is readily verified that H and H, are self-adjoint
operators.!?

Having defined H and H,, it is a straightforward
matter to define the unitary operators exp(—:¢H¢) and
exp(—iH), which determine the time dependence of
the scattered wave packet. This is done in Chap. IIT
of I with the expected result that if Fu={¢,i(k),amin},

exp(—iHt)f=FY{¢ni(k) exp(—ik%/2u),
Omin €Xp(—1tki/2p)}  (3.3)

A corresponding formula is valid for Ho. Equation (3.3)
is the starting point in the derivation of Eq. (1.1),
which is carried out in the next section.

This section will be concluded with a few remarks
about the use of the eigenfunction transform as a means
of defining H. The method just presented can be gen-
eralized to non spherically symmetrical potentials and to
an arbitrary number of particles. The essential steps in
such a program have been carried out in Chapters XII
and XTTIT of reference 8 where the existence of a unique'?
eigenfunction transform is established on the basis of
physically reasonable assumptions. The transform es-
tablished by Titchmarsh can be reduced in the problem
under consideration to the one established directly in
Sec. II.

The eigenfunction transform method of defining H
differs from that used by Kato’ although the two
methods must of course lead to the same final result.
In order to point up the difference, Kato’s method will
be briefly described.

The kinetic energy operator is defined as the closure
of the differential operator T, which is defined to be
—V2/2u on a suitably chosen linear manifold D,. It
is then proved that H, is equal to the operator, multi-
plication by |k|2/2u, in the space of Fourier-Plancherel
transforms. With H, thus defined, the potential
V (x1,22,%5) is restricted sufficiently that Vu is defined
everywhere on the domain of Hy The total Hamil-
tonian, H, is defined as the closure of an operator H,,
which itself is taken to be —V2/2u-V for elements of
D;. It is proved that H=Ho+V, the domain of H being

3.2)

12 See Chap. III of I.

181n footnote 8, the requirement that for V(r)=0 the Green’s:
function Go(x,y,E) be singular only at x=y accomplishes the:
same result as regards uniqueness as the kinetic energy argument:
used above.
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the same as that of H, Kato’s simple and elegant
method, which he has formulated for the many particle
problem, has the merit of guaranteeing a self-adjoint
Hamiltonian without requiring the introduction of
elgenfunctxon transforms.

Because in the problem under con51derat10n V(r) is
more singular than the potentials envisaged in Kato’s
proof, and because for a partial wave analysis the exist-
ence of the eigenfunction transform is essential to begin
with, the authors found it simplest to employ the
definition of H given in Egs. (3.1) and (3.2). When
Kato’s conditions on V(r) are joined to those in Eq.
(1.4), the two definitions of H yield the same operator.

IV. ASYMPTOTIC LIMITS

The purpose of this section is to prove Eq. (1.1).
Let # belong to L? and be such that Fu= {¢mi(k),0} so
that # is orthogonal to the subspace spanned by the
bound states.* Let #,=exp(—iHt)u. By the expansion
theorems of Sec. IT and Eq. (3.3),

r(sin®)?u,(r,0,¢)=1.im. 3 1 (sind) ¥ .1 (6,0)smi(7,t), (4.1)

where

st =1im. [ " exp(— it 2 (BN (r )R, (42)
[i]

The asymptotic behavior of ¥;(r,k) [see below Eq.
(2.7)] now motivates the consideration of the function
#:(r,0,¢) defined by

r (Sll’lO) *ﬁt (r)0)¢) = 1'1}_13 z L (Sina)i le (eyd’)ﬁ'ml (f,t), (43)
where

iZ,,.;(r,t)=l.wi;lg. f wexp(—ik"’t/2y)¢,,.z(k)xl(r,k)dk, (4.4)

and in Eq. (4.4), x:(r,k)=(2/7)} sin(kr—In/2+06:(k)).
It is easy to show using the theory of Fourier trans-
forms in L?(— o, ) that @, (r,) belongs to L2(0,)
for all ¢ and that

f | Tt(r,0) 7 <2 f (B %k (45)

As the first main step in the derivation of Eq. (1.1),
it will now be shown that

lim |ju,— || =0. 4.6)

| ¢|—0

By Eq. (2.3)
® 1 @
lu—t=3 ¥ f \tomi ()= o (r,0) 2. (4.7)
=0 m=—1 0

Minkowski’s inequality applies to the integrals of Eq.
(4.7). Therefore, by using Eq. (4.5) and the correspond-

14 The elements, #, constitute what has been referred to as the
continuum subspace of H in earlier sections.
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ing equation for fo°|umi(r,t)|2dr, which follows from
Eq. (2.6), it is seen that the convergence of the series
on the right-hand side of Eq. (4.7) is uniform with
respect to ¢ for — o <¢< . Therefore, if

llmf [ Ui (7,2) — Tmz(7,2) | 2dr=0 (4.8)

for all (I,m), Eq. (4.6) is valid.

The rest of the discussion requires £>0. For this
reason, functions %,y (r,t) and #min(r,t) are defined by
restricting the & integration in Egs. (4.2) and (4.4) to
the interval [N-,N], (1<N< ). It is not hard to
prove (see p. 55 of I) that

fIu,,.l(r,t)—ﬁ,,,,(r,t)lzdr—)O as |t o
0

if
m f | thmin (7,8) = Tmaw (r,) | 2dr=0  (4.9)
for all N. Now .
(1) = i (1) = [ exp (= 84/ 20) )
YN
X[W(rk)—zi(r,k) Jdk.  (4.10)

Also, for all r and N, ¢mi(k) (@i(r,k)—x:(r,k)) is sum-
mable on [1/N,N]. Hence, the Riemann-Lebesgue
lemma shows that

lim [u,,,m(r,t)—ﬁ,,.m(r,t)]=0 (4.11)

{2|—

for all 0<r< . Consequently, if in Eq. (4.9) the
limit can be carried under the integral sign, the proof
that ||u;— || — O will be accomplished. Consider first

R

’ f I UmIN (’Jt) — Umin (7,t) lzdf.
0

For 0Kr<R and 1/NLKESN, (rk)—xi(rk) is
bounded. Hence, by Eq. (4.10) |tmin(7,t)~ fhmin (7,2
<K for all ¢ and consequently, for all 1<N < and all
0<R<

R
lim f | ttmin (r,) — Fmin (r,2) | 2dr

[£1-0
R
- f lim s 1) fma (1) |07 =0, (412
0 —>00
It is therefore sufficient to show that
Jim f |ty (1) — Tz (1) 27 =0,  (4.13)
—~*J g

uniformly with respect to ¢ for — o0 <¢{< 0.
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One sufficient condition is readily obtained from the
asymptotic formula

lﬁt(f,k)—xz(f,k):O[ ) V(y)dy]+0(1/r>, (4.14)

r

for k>0 and r — . [Equation (4.14) is readily de-
duced from Eq. (4.16).] Suppose /;*| V (¥)|dy belongs
to L?(R,) for sufficiently large R. Then the Schwarz
inequality applied to Eq. (4.10) shows that for all ¢
and sufficiently large 7,

[t (7,8) — Homan (7,1) |2 < g (7)), (4.15)

where g(r) belongs to L(R,«). Thus the condition ex-
pressed by Eq. (4.13) is satisfied. Consequently, Eq.
(4.6) is valid.

The above condition on V(r) can be replaced by the
condition, V(r)=0(r"'"¢) as r — =, for some ¢>0. This
proved as follows. For 2> N—! and r> R(N,¢), ¢:i(r,k)
satisfies the integral equation,

Yi(r,k) =x,(r,k)— l/kfw sink(r—s)
' Xq(sWuls,)ds,

where ¢(s)=1(I4+1)/5>+2uV(s). It follows from the
iteration of Eq. (4.16) that as r — oo,

‘l’l(",k) = xnl(r,k) +O (r—(ﬂ+l) e)’

where x.:(,k) is the function obtained by iterating Eq.
(4.16) » times. Given ¢, # can be chosen so that ne>1.
This suffices to make yi(r,k)—x.(r,k) belong to
L?(R,) so that the argument below Eq. (4.13) can be
applied to ¥i(r,k) — xni(r,k). Furthermore,

(4.16)

4.17)

Xni(r,k)—x1(r,k) = f anGi(rr)x(r)=+- - -

+f drlf drz"'f Ar.Gi(r,r1)Gr(ri,ra) - - -
r T1 Ta—1

XGr(rn-a,7n)x1(rn), (4.18)
where Gy (x,y)=—k~'q() sink(x—y).
With reference to Eq. (4.10), now consider
N
2= [ exp(— i/ 28
o X Cmi (k) —2(r,B) Yk, (4.19)

‘For all 7 and ¢, Eq. (4.18) can be substituted into Eq.
(4.19) and the & integral carried out first in each of the
terms of the resulting sum. Moreover, the products

k=7 sink(r—ry)- - - sink(r,-1—7,) sin(kr,—In/2+8,(k))

can be decomposed into a sum of 2? terms of the form
sin(kZ—In/24-6,(k)), or cos(kZ—Ir/2+6,(k)) where Z
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is of the form 2r;—2r;+—+ - -47.35 In the definition
of Z, r;, r;, etc., are selected from ry, 7o, 73, + - -, 7, and
each distinct combination of 0, 1, 2, - - -, p of them ap-
pears exactly once. Let

N
en(Z,)= f exp(— 84/ 2 b (R
N

Xsin[kZ—in/24-6,(k) Jdk. (4.20)

By the theory of Fourier transforms

o0 N
[ aziszplsa [ Emlom@iae. @
0 1

N

If k,(Z,) is defined by Eq. (4.20) with cos(kZ—Ir/2
+6:(k)) in place of sin(kZ—Ix/2+6:(k)), Eq. (4.21)
applies with %,(Z,t) in place of g,(Z,}). With the %
integrations done, £(r,!) is given in part by a sum of
terms of the form

[ araed [ g [ araagn(zn
r 1 ri—1

X f dresng(rins) - f dryg(ry), (4.22)
L p—1

where Z contains r; but none of the r; for /> 4. In addi-
tion, there are analogous terms with %,(Z,) in place of
g»(Z,t). Finally, there are terms with g,(r,f) and %, (r,t)
which factor out of the integrals over the 7;. By applying
the Schwarz inequality and Eq. (4.21) to the integrals
containing g,(Z,t) and %,(Z,t), and by noting that as
r— o q(r)=0(r"1"¢), it is readily verified that for all ¢
asr— o,

E(r)=go(r)0(r=)+hp(r,)O(r-)+0(r#0+9),  (4.23)

for all fixed [, m, and N. In Eq. (4.10), (:(r,k)—x:(7,k))
is now written as (Yi(7,k) — 2ni(r, k) )+ (xni(r, k) — x:(r, k).
It then follows from Eq. (4.17) (with ne>1) and Eq.
(4.19) that as r — o,

uMlN(r’t) - ﬁmlN(’:t) = E(r,t)-i—O(r—l—‘) (424)
Finally, Egs. (4.24), (4.23), and (4.21) show that as

R— w,

f |t (1,0) — Tl () |2=O(R=9)  (4.25)

for all ¢, !, m, N, and ¢. Therefore, Eq. (4.13) is satisfied
and the validity of Eq. (4.6) is established.

The last step in the discussion is the proof that as
t— ==, ii(r,t) approaches its outgoing and incoming
parts, respectively. Let ¢mi(k) be the function in Eq.

15 If p is even, sine functions are obtained; if p is odd, cosine

functions occur. If the number of factors 7;,7; is even, r enters
with a plus sign.
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(4.2) and by definition let

r(sinf)*u,=(r,0,0)
=Lim. X1 (sinf)}¥V,1(0,6)tmiE(r,t), (4.26)
L—ow
where

Ui ® (7,8) =11.m, f exp(—1k%/2u)pmi (k)
W0 0

5 (2m)4 exp[i(br— (I4-1)m/2-+8,(k)) Jdk.  (4.27)

The #%,,=(r,t) belong to L?(0,%) for all ¢ and their
norms satisfy Eq. (4.5) without the factor of two.
Moreover, by comparing Egs. (4.3) and (4.4) with
Egs. (4.26) and (4.27) it is seen that

= uitui (4.28)
It will be shown at the end of this section that
lim [Jae£||=0 (4.29)

t—Feo

Therefore, by Eqs. (4.28), (4.6), and the definition of
u; above Eq. (4.1), if Fu= {¢n:(k),0},

lim ||[exp (—iHt) Ju—u*||=0,

t—rfo

where u,+ are defined by Egs. (4.26) and (4.27).

The desired asymptotic limits follow directly from
Eq. (4.30). Let g belong to L? and let Fog= {xmi(k)}.
Equation (4.30) applies to g in the form in which H is
replaced by Hoand the »*, are replaced by functions g+,
which are defined by replacing ¢mi(k) by xmi(k) and
setting 6,(k) equal to zero in Eqgs. (4.26) and (4.27).
Now let go=F{xmi(k) exp(=158:(k)),0}. The applica-
tion of Egs. (4.30), (4.26), and (4.27) to each of these
functions shows that

(4.30)

lim ||~ #1g, — e~ Htgl| =0, (4.31)

t—F o

Thus Eq. (1.1) is established.

The phase shift formulas for the wave operators can
be given concisely in terms of F and Fy. In order to do
this, the element {6,;(k)}=Fw is identified with the
element {6,:(k),0} of the Hilbert space I' consisting of
all {¢mi(k),emin} such that the right-hand side of Eq.
(2.9) is finite. With this convention, F and F-! establish
a one to one correspondence between L2, and I' while
Fqy and F¢™ establish a one to one correspondence be-
tween L? and the continuum subspace of I'. The for-
mulas for 4 are now very simple. By the definition of
Q; below Eq. (1.1) and the definition of g, below
Eg. (4.30),

Q. =F" exp(Fid:(k))F,. (4.32)

By using (4.32) and the norm-preserving properties of
F and F, it is easy to show that

Qu*=Fi'exp(Fis;) JP.F, (4.33)
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where P, is the projection operator for the continuum
subspace of T, (PAdmi(k),amin}={dmi(k),0}). Equa-
tions (1.2) follow directly from Egs. (4.32) and (4.33).
Finally, from Eqs. (1.3), (4.32) and (4.33) it is seen that

S= Fo“[exp (216[(k))]F0 (434)

The relation of the Hilbert space operator, S, to the
R matrix of the plane wave formulation of scattering
theory will be taken up in the next section. This section
will be concluded with an outline of the proof of Eq.
(4.29), the complete details of which are given in
Chapter IV of I.

By Egs. (4.26) and (2.3), Eq. (4.29) will hold as
t— o if

w0 i o

limy 3 f i () [2dr=0.  (4.35)

% =g m=—1J
The series in Eq. (4.35) converges uniformly with re-
spect to ¢, so it remains to be shown that the integrals
tend toward zero. This is done by approximating
omi(k) exp(—i6:(k)) (Eq. (4.27)) in mean square by a
step function zero near the origin and zero for large &.
This reduces the problem to the consideration of
integrals of the type

)
where 0<a<b< . For sufficiently large ¢, and all »,
it can be shown that

b
f dk exp(—ik/ (Qu)—ikr)|%dr,  (4.36)

2

f dk exp(— k1) (2u) —ikr)| <A(P+B), (4.37)

where 4 and B are positive constants, Moreover, the
integral over k tends toward zero by the Riemann-
Lebesgue lemma. Thus the lim(t — «) can be taken
inside the integrals over r in Eq. (4.36) and the limit
is zero. Therefore Eq. (4.29) is valid insofar as #,;~ is
concerned. The proof for #— — e« is obtained by an
identical argument.

V. RELATION OF S TO THE R MATRIX OF THE
PLANE WAVE THEORY AND TO THE
SCATTERING CROSS SECTION

In this section, the probability P(2) for scattering
into a given solid angle, Q, is computed from the time
dependent formalism. The conditions under which
P(Q) can be described in terms of the R matrix are then
discussed. Finally, a mathematically nonrigorous, but
physically convincing argument is given, which shows
that for wave packets of the type used in conventional
scattering experiments, '

P@)=c(@)P(a), (.1)

where o(Q) is the usual scattering cross section averaged
over energy, and P(a) is the two dimensional proba-
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bility density for the incident particle to strike the
point, a, where the scatterer is located in a plane per-
pendicular to the motion of the incident particle. This
is the result which one would desire for it guarantees
that when multiple scattering and interference effects
can be neglected the average number of particles scat-
tered into © for N incident particles is equal to Ntps (),
where ¢ is the target thickness and p the number of
scatterers per unit volume.
The formula for P(Q) is obtained as follows.
Let V(Q;a,b) designate the region (0<a<r<bd< 0,
£0L61, o< ¢><¢>1) Let u,=exp(—iHt)u, where Fu
= {¢mz(k) 0} as in Sec. IV and consider the probability

Pi(Q; a0)= || 2dx

V(Q;a,b)

(5.2)

that the scattered particle be in V(2;a,b) at time ¢.
From Eqgs. (4.26), (4.27) and (4.30) it is easy to see that

lim (Pt(Q; a,b)——f | 9,x(7,0,0) Fdx)=0, (5.3)
oo V(@ a,b)

and that for all ¢

[ utr s dx=ln Y ¥ ¥ %
V(Q;a,b)

L-® =0 m=—1 I'=0 m'=—1’

b
X f Yo (0,0) Vvt (0,09 f -
Q

(Dm0 E(r,f)dr, (5.4)

the convergence of the series being uniform with re-
spect to 2. From Eq. (4.27) and the theory of Fourier
transforms

0
f U= (1)l v (1,0)dr

- f exp[ i (8:(k)— b (B)— (I—)7/2)]
' X mi (k) ot (R) .

Furthermore, for any finite ¢

(5.5)

f Ui (7, ) e T (r,8)dr

—0

=f Uit (¢—$, Dllm v (c—s, Dds, (5.6)
0

where, by Eq. (4.27),

uml+(c_5) t)
=1.i.m.f exp (—ik%/2u)pmi (k) (27)~* exp (ikc)
W 0

Xexpli(—ks— (I+1Dw/24+8,(k)) 1dk. (5.7)
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Now, to within a factor exp[Z(kc— (I4+1)7+26,(%))],
Umit(c—s, 1) has the same form as u,;(s,f). Hence,
it is easily seen from the arguments below Eq. (4.35)
and the Schwarz inequality that, for all finite c,

lim | it (7)o (r,t)dr=

—

(5.8)

The same kind of argument applies to %, (r,f) for
t— — o, Therefore, by Egs. (5.2), (5.3), (5.4), and
(5.8), for all 0L a< o,

lim P,(Q;a,o)
t—tw

L 1 L v
=lm 3> > 2 X

Lo 1=0 m=—1 I'=0 m'=—1"s/

le (aad)) I_,m' 124 (6,¢)d9

x f expLLi(61(k) =0 (B)— (I=1)w/2)]
X¢ml(k)$m l’(k)dk
—hmf dk

dQl Z Z Y’ml(07¢)¢ml( )
=0 m=—1
For finite ¢ and b the limit is zero. Thus, the scattered
particle is asymptotically outside of any sphere of
finite radius a.
The probability, P(2), for scattering into the solid
angle Q should clearly be defined by the relation

P(Q)=limP;(Q,a,«).

t—®

Xexp[2i(6i~ir/2) 1% (5.9)

(5.10)

Equation (5.9) then provides a formula for P(Q) in
terms of the phase shifts and the properties of the in-
cident wave packet. The formula can be rendered more
concise in terms of the Fourier transforms of the incom-
ing and outgoing wave packets. As was shown in
Sec. IV, as t— o, u,— exp(—iHo)u*, where Fou*
= {dmi(k) exp(48;(k))}. Furthermore, as is proved in
Appendix A, the Fourier-Plancherel transforms #+(k,6,¢)
of u* satisfy the relation

L i
k(sin6)}i(k0,6)=lim 3° 3 (sinf)}V.i(0,¢)

L—owo =0 m~—1

X (—1) pmi(k) exp(id,(k)). (5.11)
Consequently, by Egs. (5.10), (5.9), and (5.11)
P@)= i+ (k,0,0) | 2R2dRAQ. 5.12)
@=[ [lawos) (

The physical interpretation of Eq. (5.12) is straight-
forward. The probability that the particle be scattered
into € is equal to the probability that the momentum
vector of the outgoing packet lie in Q. This well-known
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result, which has just been shown to be a rigorous con-
sequence of the time-dependent formalism, is the basis
for the physical interpretation of calculations in
which 4*(k6,4) is obtained from a time-independent
formalism.

The connection of the Hilbert space formulas with
the R matrix can now be readily deduced. Let P_(Q)
designate the probability that the incident particle be
scattered into @ in the absence of the scatterer. [ Use
A4~ (k,0,¢) in place of 4+(k,8,¢) in Eq. (5.12).] Let

PQ)= f - f |+ (k,0,0)— 1~ (k,0,0) | 2k*dkdQ. (5.13)

It is easy to prove that

| P"(@)—P@)| < P-@+2(P-@P@). (5.14)

Therefore, if the incident beam is appropriately colli-
mated, the scattering probability can be calculated
accurately from P’(Q) except near the forward direction.
Now, by Eq. (5.11),

k (Sine)i(d*-(kﬁﬁb) - ﬁ—(ky0,¢))

=1.i.m.§ Zl: (sind)}Y ... (6,0)

Lo = m=—1I

X [exp(2i8:(k))—1]1(— 1) 'pmi(k) exp(—idu(k))

=lim. E(sin6)iR.(0,6;6',6'; k)
® 4r '
Xa=(k,0' ¢ )dY, (5.15)
where

Rp(0,0;6¢"; %)

L 1
=3 X Ym,(o,qb)fm;(ﬁ’,¢’)[exp(2i51(k))—1],

l=0 me=—1
= é (4m)"1(2+1) P1(cos®)
=0
X [exp(2id:(k))—1].

In obtaining Eq. (5.16), the addition theorem for
spherical harmonics was used. The angle © is the angle
between the vectors k’(,6',¢’) and k(%,8,¢). Aside from
a multiplicative factor, R1(6,¢;6',¢’; k) is just the sum
of the first L terms of the series for the scattering
amplitude which appears in the stationary-state formu-
lation of scattering theory for monochromatic incident
plane waves. Suppose that the series (5.16) converges
to a function R(6,¢; ¢',¢’; k) in such a way that

(5.16)

zl,i—r.lalo f k(sind)!R.(6,0; 0’0" ; )i~ (k0 ,¢")dQ
4x

- f k(sind)R(0,6;6',¢'; B)i-(BES)AY  (5.17)

4z
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for almost all (k,0,¢). Then, the limit functions in Egs.
(5.15) and (5.17) are equal almost everywhere, and

ar (k,07¢) -4 (k,0,¢)

- f R(O,;0¢; Byi-(k0',¢)d.  (5.18)
ir

In this case, the scattering probability can be calcu-
lated from the incoming wave packet through Egs.
(5.18) and (5.13). The relation of R(8,0;8,¢"; k) to
the R matrix is the following. The R matrix, R(k, k), is
defined by the formal relation'®

12+(k)0:¢) - ﬁ_(k’0)¢)
=fff(_ZTi)R(k,k')é(E——E')ﬂ‘(k')dk’, (5.19)

where E=%2/2u and 6(E—E') is the Dirac delta func-
tion. Equation (5.19) means

at(k,0,)—d=(k,0,0)
— — Omiky f Rk K- (K)de, (5.20)
4x

where | k|=|k’|. By comparing Egs. (5.20) and (5.18),
it is seen that the R matrix is defined on the energy shell
whenever the limit R(6,¢;6,¢"; k) of R.(6,9;60',¢"; k)
exists and Eq. (5.17) is valid.

From the physical point of view, there is no point in
discussing potentials for which Eq. (5.18) does not hold,
because if the series in Eq. (5.16) does not converge
fairly rapidly, the phase shift approach will be useless
for computation anyway. It is possible, of course, to
contemplate potentials for which the series (5.16)
diverges for =0 since in practice the calculation of
nonforward scattering using Egs. (5.13) and (5.18)
need not require integration over ©=0. The con-
vergence of the series (5.16) and the validity of Eq.
(5.17) can be tested by using the Born approximation
for the phase shifts.'” As is well known, it is sufficient
for convergence for ©0 that asr — o V(r)=0{r"2"9),
¢>0.1% The stronger condition V(r)=0(r—%"*) is sufii-
cient to guarantee absolute and uniform convergence
for 0<6< .

The usual formula for P/(?) in terms of the dif-
ferential scattering cross section is obtained by special-
izing 4~(k,0,¢6) so that it conforms to experimental
conditions. This has been done by Ekstein,'$ Eisenbud,®

18 See, for example, H. Eckstein, Phys. Rev. 101, 880 (1956).

7 D. S. Carter, Thesis, Princeton University, 1952 (un-
published).

18 L. 1. Schiff, Quanium Mechanics (McGraw-Hill Book Com-
pany, Inc., New York, 1949), 1st ed., p. 187, problem 5.

1], Eisenbud, Thesis, Princeton University, 1948 (un-
published).
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and Jauch.® An alternative formulation, based on the
same physical arguments, is presented below.

Suppose that the scatterer is located at the point
whose cartesian coordinates are (@,2,0) in the reference
frame in which the scattered beam is directed along the
positive x3 axis. If the change of location of the scatterer
from the origin to (4,a,,0) is taken into account in the
usual way, it follows from Egs. (5.13) and (5.18) that

P’(Q)zfd(lfwdk

Xexp(ik'-a)d— (k0 ¢")dQ | .

f R65;0'4'; B)
4

(5.21)

Now, with a typical beam (beam diam ~1 cm, mo-
mentum ~10% cm™), 4-(k,0’,¢’) goes to zero strongly
outside a forward cone of apex angle ~10~% rad cen-
tered on the x5 axis. Thus, in cases of physical interest
R(8,¢;0',¢"; k) can certainly be replaced by R(6,4;0,0; ).
This leads to

P~ fn do fo " dhor(0.0)

L4 27
X | (21 f f exp (iK' - a)d- (0 ¢)
0 0

2

Xk sind'de’de’ | ,

(5.22)

where

o1 (0,8)= | E S (214+1)Py(cosh) exp(ida(k)) sinbu(k)|2.
=0 (5.23)

It will be recognized that o (6,¢) is the differential cross
section as usually defined. Equation (5.22) can be fur-
ther transformed by noting that with k~10% and
6'~1078, it will be a very good approximation to write*

(2m) f f exp(ik’ - a)d—(k,0',¢')k? sin'd0’d¢’
0 0

0 00

= (27")_1f f exp(ik' . ﬂ)ﬁ—(kl,kz,k)dkldkz

0

~(2n) f exp(—ikas)u-(a,aae)dzs.  (5.24)

~—00

Finally, with conventional collimation, it should be
possible to describe the beam in terms of packets of the
form
™ (21,%2,%3) = g (%1,%2) € (%3). (5.25)
2 See the first article of footnote 2. In this discussion the energy
spread of the incoming packet is not considered.
21 The final result in Eq. (5.24) is obtained from the theory of

Fourier transforms and implies physically harmless mathematical
restrictions on %~ (x1,%2,%3).
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In this event, Eq. (5.22) becomes
P@~P@ [ sl 6.20
Q 0

where &(k) is the Fourier transform of e(x;)[2(k)=0
for k<07 and P(a)=g(a1,as) |2 Since u~(x1,2s,%x3) is
normalized, S .* S .°P(a)daida,=1and fo|é(k)|?=1.
Equation (5.26), which because of Eq. (5.14) is prac-
tically equivalent to Eq. (5.1), is the final result, It
shows how the cross section is to be averaged over the
energy spectrum of the incoming beam, and shows ex-
plicity through P(a) how the scattering decreases when
the target is not in the center of the beam.
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APPENDIX A

In this appendix, the relation between the Fourier-
Plancherel transform, #(ki,k2,ks3), of %(x1,25,43) and the
transform, {¢mi(k)}, for V=0 is established. Let
u.(r,8,6) be equal to u(r0,¢) for 0<r<n and zero
otherwise. Because of the norm-preserving properties
of both transforms and because #, — % in mean square,
f—> A, and Pmin (k) — ¢mi(k) in mean square. ({Gmin (%)}
=F,.) Since 4, and % belong to L?, they possess ex-
pansions of the form given in Eqgs. (2.1)-(2.3). Let
Ymin(k) and ymi(k) correspond, respectively, to the
quantity called ami(r) in these equations. Clearly,
Ymin(E) — Ymi(k) in mean square. Furthermore,

s = ' S "7, 6.8)a0(2m

n x 2x
>< f dy’ f f exp(—ik-)u(r 0',6)d, (A1)
0 0 Q

where k is the radius vector to the point (k,6;4). In
Eq. (A1), the order of integration can be reversed and
the exponential can be expanded in terms of spherical
harmonics and Bessel functions. In this way, there
results

oia )= (=) [ ' S ' ) " ()

X Y i (8,6)ruu(r,0,0)drdQ2

= (—1)pmin(k). (A2)
The last equality in Eq. (A2) follows from Egs. (2.2)
and (2.5) and the fact that for V=0y,(r,k) is equal to
(k)T 1,4 (kr). Tt follows from Eq. (A2) and the con-
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vergence of Ymin(k) and ¢mi.(k) that
Ymi(k)= (—17) "bmi(k) (A3)

almost everywhere. Furthermore, from the definition
of ymi(k) it is easy to see that for any finite K and >0

K T 27
f f f 12| 4(E9.6) | k2
0 0 0

=i i k7| dmi(R) 2. (A4)

=0 m=1J g

By taking p=4, it follows that [|k%4|| < « if and only if
Eq. (3.1) is satisfied. (Note that V(r)=0.) Further-
more, from Eq. (A3) and the bi-uniqueness of the trans-
forms in question, it follows that when [|£%*%]| <, the
function whose Fourier-Plancherel transform is (k2/2u)%
is identical with F¢'{ (k¥*/2u)ém:(k)}. Hence, H,, as de-
fined by Eqgs. (3.1) and (3.2), is equal to the operator
multiplication by #?/2u in the space of Fourier-
Plancherel transforms.

To see that the foregoing is true only with the bound-

ary condition ¢o(x,k)=0(x) for x— 0, consider the’

radial part of the transform for /=0 without this con-
dition.?? For any function #(r) belonging to L2(0,)

wn=lim [ ope®E (49

where

s=lim [epua (a0

2 E. C. Titchmarsh, Eigenfunction Expansions Associated with
Second Order Differential Equations (Oxford University Press,
London, England, 1946), p. 59.

T. A. GREEN AND O. E. LANFORD, III

The function = (7,k) is given by

2% cosa
¢a (xyk) =

— —sinks
7| (cosla+A? sin®a)?

k sing
—————coskx } (A7)
(cos?a+ k2 sina)?

For a=0, y*(x,k) reduces to the function ¥, (x,k) which
figures in Egs. (2.4)-(2.6). Now consider the function
g(x1,%2,23) = exp(— pr). It belongs to L? and it is readily
verified that S S S |k*g(k1ksks)|2dk < . Therefore,
¢ belongs to the domain of the operator, multiplication
by #%/2u in the space of Fourier-Plancherel transforms.

Let x*(k) be the transform of g defined by Egs.
(2.1)-(2.6) for V=0 using the y=(x,k). (Only the term
with /=0 contributes.) In this case the function %(7)
in Egs. (AS) and (AG6) is 2rr exp(— pr). Direct calcula-
tion now shows that as 2 — <,

x2(k)= (2v2/R)(1+0(k2)); sina=0,
=0(k), sina=0.

From Eq. (A8) it is clear that k2x=(k) belongs to
12(0,) if and only if sina=0. Therefore, g(x1,%s,%3) is
in the domain of the operator, multiplication by #%/2u
in the space of the transform defined by Egs. (2.1)-
(2.6) if and only if sina=0. Thus, the domains of the
operators, multiplication by #%/2u in the space of
Fourier-Plancherel transforms, #, and multiplication by
k%/2u in the space of the transforms Fou are identical
if and only if sina=0.

(A8)
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The partial Feynman amplitude corresponding to a particular fourth order diagram is examined as a
function of energy and momentum transfer with both of these variables complex. The region of regularity
of this function is found, and the types of singularities at the remaining points are determined. An approach
which requires only elementary calculations is indicated. The condition for the validity of Mandelstam’s
representation in the fourth order is obtained. Spectral representations for exchange scattering processes at
fixed momentum transfer are discussed as another application of the principal results.

1. INTRODUCTION

T is the purpose of this paper to give a systematic
discussion of the analytic properties of the partial
scattering amplitude associated with a particular
fourth order Feynman diagram. We allow two in-
variants, the total four-momentum squared and the
square of the four-momentum transfer, to be complex.
We also show how the analytic properties of an integral
as a function of several complex wvariables can be
studied.

Perturbation-theoretic problems involving one com-
plex variable have been studied by a number of authors.
Karplus, Sommerfield, and Wichmann! made a syste-
matic study of the third- and of the fourth-order ampli-
tudes. The two papers of reference 1 are referred to in
the sequel as I and II. Our results constitute an exten-
sion of the results of II.

Perturbation-theoretic problems involving more than
one complex variable have been studied by Killén and
Wightman,? by Mandelstam*® by Oehme,®? and by
Taylor.® In each of these works an essential part of the
argument involves an explicit evaluation of certain
functions. Our analysis, on the other hand, is based on
Feynman’s integral representation® of perturbation
theory amplitudes, and we relate the singularities of an
amplitude to the singularities of the integrand without
carrying out the integration explicitly.!

* This work was supported in part by a U. S. Air Force contract,
monitored by the Air Force Office of Scientific Research of the Air
Research and Development Command.

tR. Karplus, C. M. Sommerfield, and E. H. Wichmann, I,
Phys. Rev. 111, 1187 (1958); II, Phys. Rev. 114, 376 (1959).
Further references are given in paper I.

2 G. Killén and A. S. Wightman, Mat. Fys. Skr. Dan. Vid.
Selsk. 1, No. 6 (1958). The vertex function in perturbation theory
is discussed in Appendix III.

3 8. Mandelstam, Phys: Rev. 112, 1344 (1958).

4S. Mandelstam, Phys. Rev. 115, 1741 (1959).

5 S, Mandelstam, Phys. Rev. 115, 1752 (1959).

6 R. Ochme, Phys. Rev. 111, 1430 (1958).

7R. Oehme, Nuovo cimento 13, 778 (1959).

8J. G. Taylor (preprint).

¢ Perturbation methods and Feynman integral representations
are described in M. J. Jauch and F. Rohrlich, The Theory of
Photons and Elecirons (Addison-Wesley Publishing Company, Inc.,
Reading, Massachusetts, 1955), Chap. 8 and Appendix V.

0 Qur method is an extension of the discussion by R. J. Eden,
Proc. Roy. Soc. (London) A210, 388 (1952); cf. also M. Grisaru,
Phys. Rev. 111, 1719 (1958), footnote 8.

We obtain a new derivation of the condition for the
validity of Mandelstam’s double integral representation
in the fourth order. Our derivation, however, avoids
the intricate calculations by which Mandelstam?
originally obtained the same condition. Another
application of our analysis of singularities deals with
spectral representations for exchange scattering pro-
cesses at fixed momentum transfer. Our method can be
applied directly to the study of analyticity of certain
higher order amplitudes (i.e., those amplitudes con-
sidered in Appendix B and corresponding to diagrams
illustrated in Fig. 10) for which direct calculations
would not be feasible.

As in II, we restrict our discussion to the partial
amplitude associated with the diagram of Fig. 1. The
other diagrams of the fourth order either are topo-
logically equivalent to that of Fig. 1, or else are
reducible, in which case the analytic properties of the
corresponding partial amplitudes can be studied
without difficulty see also footnote 4). The partial
amplitude associated with the diagram of Fig. 1 will
be called the four-point function.

In Sec. 2 we determine the geometric configuration
of the surfaces to which the singularities of the four-
point function are restricted. In Sec. 3 we determine
which points of these surfaces are regular and which are
singular for the four-point function. In Sec. 4 we
consider the applications to Mandelstam’s represen-
tation and to exchange scattering. In Appendix A we
describe the method used for the determination of singu-
larities. In Appendix B we prove two theorems regard-
ing the singularities of Feynman amplitudes correspond-
ing to a certain class of diagrams to which the diagram
of Fig. 1 belongs. In Appendix C we discuss briefly the

dependence of the four-point function on the external

masses. In Appendix D we determine the types of

Pia P3q
My
Fic. 1. Fourth-order Feynman dia- m
gram for a scattering process. | 3
mz
P2 P23
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singularities of the four-point function at its singular
points, and prove in this way the existence of singu-
larities of the function at the points in question.

We now review certain definitions and facts from
footnote 2. We consider the four-point function F
corresponding to the diagram of Fig. 1, and we consider
the masses and the momenta there indicated.!* We

define

puu=putpun, pu=putihu, (1.1)
and
Vei= — (pkf—-mk?——mﬁ)/kam;. (1‘2)
We ignore a constant factor, and we have
1 1 1 1
F=f dxlf dx2f dng dxs
0 0 0 0
d(1—x1— xo—ws—1x4)
X , (1.3)
m1m2m3m4D2
with
4
D= Z Xt 42 Z XkX1Yki. (1.49)

k=1 k<l
We impose stability conditions on the external masses
y12>~1, y23>—1, y34>—'1, y14>—1. (15)

For convenience we also impose stability conditions on
the internal masses

y12<1, y23<1, y34<1, (1.6)

The restrictions (1.6) will be removed in Appendix C.
If —1<y,<1, we define 6;; as in IT by

0<6n <. 7

Our primary interest will be with F=F(y;3,y24) on
its physical sheet, which we define by

yu<l.

costur= Y,

(1.8)

with the condition that F be real and positive for
Y13, Y24 Teal and greater than one. We shall, however,
cconsider also the analytic continuation of F to the
boundary of the physical sheet, i.e., to the two
hyperplanes

— © <y13<1 and

—w<arg(yu—1),arg(yu—1)<m,

—°°<y24<1. (19)

2. SURFACES OF SINGULARITIES

According to Appendices A and B, we may have a
singularity of F if the determinant of some principal
minor of the matrix

1 Yiz Y13 Yu
Y12 1 Ye3  Yoa
Yz Yo3 1 Y34
Y4 Y Y34 1
11In order to avoid complications with infrared divergences,
we assume that all of the internal masses m; are nonzero. We also

assume that all particles have spin zero; it is pointed out in I
that there is no loss of generality in such an assumption.

2.1)
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zna ¥i3
1 21
4 2
L2 0 I L"L“ {._--_..
;:Lt‘ y24 |:4 724
2 2
{a) 4 {(b)
21 I
4 :
W _ 1]
L T e
¥
-1

A0 GG ;1
(c)
F16. 2. The possible arrangements of the lines
y13=L13 and yag= Ls®.

vanishes. The two 2)X2 minors which are relevant for

us give the values
yis==+1, (2.2a)

yau==1. (2.2b)

The 3X3 minor defined by indices 1, 2, 3 has the
determinant
K=1=319"— 1 — y2®~+ 2y 1591392 (2.3)
[cf. Eq. (I1, B2)]. The solutions of the equation K4=0
may be written
Y= COS(012:!:023) EL«F. (24a)

The remaining 3X3 minors give analogous equations
K,=0, K,=0, K;=0, which yield

Y13=COS (034:i:014) = Lzﬂ:, (24]))
Yog= COS(023i034) =L, (24C)
Yo4=C0S (014=010) = L, (2.44d)

respectively. Note that each of the Egs. (2.2a,b) and
(2.4a-d) places a restriction on only one of the variables
Y13, Y24, while the other remains arbitrary. Of the
quantities L= only the L;t were used in II.

Let us assume that the six quantities 1, Lg¥, L+
are all distinct, and that 41, L%, L% are likewise all
distinct. (Degenerate cases in which some of these
quantities coincide are discussed in Appéndix C.) From
Eqs. (2.4a-d) it follows that —1<L*=<1. Let us label
the quantities L,*, L& as L@, -+, Lis®, where
L3 <Ly and let us label L, Lgt as Ly @, - -+,
L2®, where LayP<Loy 1, We see that Li<L;,
and that we can always label the lines in Fig. 1 in such

a way that
Lit="L1®, Lyit=Lay®. (2.5)

One may verify that the same superscript j occurs in
both Ly =L13? and in L;~=Ly?; moreover,
L4+= ng(k) imphes L3+=L24(k) and L4_= Lls(l) imphes
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Li-=LyY, The three possible arrangements of lines
given by Egs. (2.2a,b) and (2.4a-d) are shown in Fig. 2.

We now consider the surface defined by setting the
determinant of the matrix (2.1) equal to zero; we
write, with the notation y;;=y;;, yu=1,

A=A(y13,y24) =det(yi;)=0. (2.6)
Expansion of the determinant gives
Ay =1— 2 92 +2 3 vyiyiyi
i<j i<i<k
+y122y342+ y132y242+ y142y232— 2ymy13y24y34
— 2y19914Y23Y 38— 2y 15Y14V25Y2s.  (2.7)

We first restrict ourselves to real yi3, y24; in this case
Eq. (2.6) defines a curve in the real yi3,ys4-plane. This
curve, which consists of several branches, will be
denoted by T. To learn more about I' we first compute
the discriminants of Eq. (2.6). Theorem 3 of Appendix
B states that if

A= Ay132+By13+C = ay242+ by24+0,
then
B*—4AC= 4K \K;,

(2.8)

B—4ac=4K,K, (2.9)

[cf. Eq. (I1, 29)]. Equations (2.9) imply that each of
the lines yi3="L13? and ya=Ly® is tangent to T,
and at only one point. Moreover, there are no other
vertical or horizonta] lines tangent to I. Next, we
observe that in the expansion (2.7) yi? and y.¢2 occur
only as (y12—1)(y22—1). It follows that the lines
y13==k1, yo4==1 are asymptotes to T, and that these
are the only vertical and horizontal asymptotes. We
now examine the signs of the discriminants (2.9), and
conclude that there is one branch of I' in each of the

following five regions:
(1) y138Ly3®, 92 <Lopy®
(2) y132Lis®, y2<Ly®
() y152Lis®, y2u>Lay® (2.10)
(4) Y13< L@, V24> Loy®

(8) Lis®<y15<L13®, Lyy®<yp<Loy®,

Each of these branches will be labeled by a corre-
sponding subscript: Ty, -, I's. For convenience, we
shall also refer to I'y as T'y. A typical graph of I' is shown
in Fig. 3.

It will be useful for us to know which of the branches
Iy, Ty, T'4is tangent to each of the lines y3=Ly3® = L,*,
¥24= L2 = Ly*. Expressions for the points of tangency
to the lines defined by L+ are given in Eqs. (II, 27-28) ;
e.g., I' is tangent to y;3=Ls+ at y,, given by

¥24= (Cosb12 sinfz4+cosys sinfy4)/sin (034+614). (2.11)

The equations for the remaining points of tangency may
be obtained from Eq. (2.11) by an appropriate permu-
tation of indices. Now to determine when I'; and when
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Fi6. 3. The curve I'. A symbol (Z;) indicates that the given part of
T is joined to the surface Z; defined in the text.

I', is tangent to y13=Lst, we use Eq. (2.11) in special
cases and observe that as long as the lines of tangency
are displaced continuously, but do not come into
coincidence with one another or with the asymptotes,
the points of tengency will not move from one branch
I'; to another. We summarize the locations of the points
of tangency to yis=Lst. Let us write

O="0194-055+034+61s. (2.12)

Then, Iy is tangent to y;3= Lyt if

®O<2r and O14+034 <, (2.13a)
or if

®>2r and 014+034> . (213b)
On the other hand, I'; is tangent to yi3=Ls* if

®<21I' and 014+034>1I', (213C)
or if

®>2r and 014+034<7r. (213d)

Obvious modifications will give the locations of the
points of tangency to yas=L;* The locations of the
points of tangency to lines yi3=L13® and yaa=La®,
however, will not be of any further interest to us, and
will not be described here.

Let us now describe the surface defined by Eq. (2.6)
with 13, ¥24 complex; this surface will be denoted by
Z. First, consider the fourth degree system of equations
{(a and 8 real, a70):

(2.14a)
(2.14b)

A(y15,y24)=0,
y1a=ayz4+13-

The real solutions of Egs. (2.14a, b) are the intersections
of T' with the real line (2.14b). We see from Fig. 3 that
for a fixed @ and for 8 varying from — o to o there
are ordinarily three intervals on the 8 axis for which the
equations have four real sets of solutions, separated by
two intervals

Bi(a)<B<Bz(@) and Bs(a)<B<Pula), (2.15)
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for which the equations have two sets of real solutions
and two complex conjugate sets. For some values of a
the real line (2.14b) intersects one branch T'; at three
points near a point of inflection. Then, there are one or
two additional intervals in which Egs. (2.14a, b) have
four real sets of solutions.

Now, let us select an a0 such that the above
complication does not occur, and let us select one of the
intervals (2.15), say 8i(e) <B<B:(a). As B varies over
this interval, the complex solutions of Egs. (2.14a, b)
vary over a curve C, lying on the surface Z. This curve
joins one branch I'; with the arc (P;_1,;P;, jy1) of T
(see Fig. 3). As a varies over the positive or over the
negative real axis (depending on whether the original
choice was a>0 or a<0, respectively), the curves C,
sweep out a surface, which we shall denote by Z;. (We
also set Zo==Z,.) If for a given « and @ the line (2.14b)
intersects a single branch T'jy, at three points, then the
corresponding curve C, breaks into two parts, one of
which joins T; to T',ys, while the other joins I'j;; to the
arc (Pj_1,;P;.;+1) of T's. We see that the complex
surface Z; joins all or a part of I; to the arc
(Pj—y.iP; j+1), and it may also join these curves to a part
of T'j;; and to a part of T';_;. These facts are illustrated
in Fig. 3.

Each surface Z; consists of two disconnected pieces,
having Im y;5>0 and Im y;3<0, respectively. We note
that for >0 in Eq. (2.14b) we obtain 2, and =, which
have on each piece Im y;; and Im y,4 of the same sign.
For <0, we obtain £, and Z;, which have on each
piece Im y;3 and Im yq4 of opposite signs.

Let us observe that every point (yis,ye4) of Z with
Im yy3, Im 924520 lies on some X;; this follows from the
fact that for such a point we may always find real ¢ and
B with a0 such that y;3=ay:+8. Finally, the points
of Z with one member of the pair (yi3,ys) real and the
other complex are those points of £ which join Z; to
Z,41. These points correspond to a=0 or to 1/a=0
(a/B finite) in Eq. (2.14b). It is clear from Fig. 3 that
they all lie on the boundary of the physical sheet of F,
i.e., on the hyperplanes (1.9). Our description of the
geometric configuration of 2 is now complete.

3. REGULAR AND SINGULAR POINTS OF
THE SURFACES ;

In this section we determine which points of the
surfaces described in Sec. 2 are regular and which are
singular for the four-point function F. The method
which we use in this section are largely, but not entirely,
those described in Appendix A.

As long as we restrict our discussion to the singu-
larities of the successive integrals in the definition (1.3)
of F, we can use the discussion of Appendix D to
strengthen some of the conclusions of Appendix A.
Lemma 14 then gives two conditions, and the fulfill-
ment of one of these is both necessary and sufficient for
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the existence of a singularity of an integral. Lemma 24
can likewise now be stated in a stronger form.

It is convenient to introduce symbols which signify,
with reference to a particular singularity of a given
n fold integral, how many times each of the conditions
(1) and (2) of Lemma 1A is fulfilled in the successive
integrations [the condition (1) requires the integrand
to have an end-point singularity, and (2), to have
coincident singularities]. We shall say that a given
singularity is of type (E*C"*) if condition (1) is ful-
filled % times, and condition (2), #—k times. For the
function F we have singularities of types (FE*CY),

(EIC?), and (C?).

We have emphasized in Appendix A that in con-
tinuing an integral analytically, it may be necessary
to deform the contour. In general, an analytic continua-
tion of the expression (1.3) gives the result

F= dx; f dx; f dxr
A1 Ag(xq) A3(%i,%5)
1

X )
(H ml)DZ (xiax.iyxk H ypq)

(3.1)

where 4., As(x;), and As(xi,x;) are appropriately
chosen arcs between 0 and 1, between 0 and 1—ux,,
and between 0 and 1— x;—x;, respectively. We indicated
explicitly the dependence of the arcs on the variables of
integration.

We recall from IT that D0 if y,3,¥24>1, and in this
case we take the contours along the positive real axes.
The following lemma is evident.

Lemma 1. Let F be continued analytically from the
region where ¥13,924> 1. Let x,=x2 be a fixed number,
0<x2<1, and let us assume that along the path of
continuation

D(xioyxi7xk; yPlI) ¢0 (323)

for

0<x;, %k, x;+ 2, < 1—2x0. (3.2b)

Then the contours Aa(x°), 43(x2%;) of Eq. (3.1) may
be taken along the real axes. If along the path of con-
tinuation D(x0x%4; ¥pq) #Z0 for 0w, <1—x9—x,
then the contour As(x0x;%) may be taken along the
real axis.

In particular, we see that in continuing to the region
where Im y;5 and Im y,4 are both nonzero and of the
same sign, we may retain the contours along the real
axes. Then D0 in the region of integration, and F
is analytic.

Let us consider now the singularities of the type
(E*C"); these are restricted to the planes defined by
Egs. (2.2a-b). For Eq. (2.2a), y13= 1, the singularities
of F are associated with zeros of D at the endpoints
of integration xy=x,=0. From Egs. (1.3) and (1.4)
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we obtain

1 1—z2 I—x3—x4
F=f d.’sz d.’mf dxl
0 0 0
1

X )
(I mp1+2x:(1— 1) (ys— D+ X P

(3.3)

where X =0 for xs=x4=0. We see that for x2=x4=0,
the integrand is regular if y;3=1; while if ;53— —1 then
the integrand has poles in the x;-plane which approach
x1=% from opposite half-planes. Lemma 1 states that
the contour in question may be taken along positive
real axis. We conclude that F is singular at y;3=—1,
ya4 arbitrary. The case of Eq. (2.2b) is analogous.

Next we consider singularities of type (E'C?); these
are restricted to planes defined by Eqs. (2.4a-d). For
Eq. (2.4a), yi3=L4*, the singularities of F are associ-
ated with zeros of D at the endpoint x,=0. As pointed
out in II, our problem reduces to that of the vertex
function. Note the Lemma 1 allows us to use real con-
tours for x4=0, as in the foregoing. An analysis of the
vertex function (I and Appendix A of II) shows that
we do not have singularity at y;3=L4", and we have a
singularity at y;3=L* of type (E'C?) if and only if

b124-023 > (3.4)
(we assume that Lsts—1). Hence F is singular at
yi3=L4*, yo4 arbitrary, if the inequality (3.4) holds; F
has no singularities of type (£'C?) (and associated with
the endpoint x,=0) at yi3=Ls, nor at yiz=Ls if
the inequality (3.4) does not hold. The treatment of
Eqgs. (2.4b-d) is analogous.

It should be pointed out that the conclusions of the
last two paragraphs, even if expected on the basis of
the results of I and II, actually constitute an extension
of these results. In I and II only the thresholds of
spectral representations are determined. Our conclusions
make some assertions about the singularities of F in the
region where it is complex, and in particular, about the
singularities of the spectral function Im F [see Eq.
(I1,8)]. We also note that our discussion can be applied
directly to determine the singularities of the vertex
function F,(y13), or of the associated spectral function
ImF,.

The remaining singularities of F are of the type (C?),
and they lie on the surface Z (which includes the curve
I'). There are two properties of these singularities
which we should mention. First, it is pointed out in
Appendix A, and illustrated in Fig. 9, how analytic
continuation around a singularity of type (£') can alter
the nature of a singularity of type (C') in a particular
integral. Thus, if we approach a point (yis,ye4) of T
with Im Yiz— 0:|:, Im Yoq4 — 0+ and with Im Vi3 — O:f:,
Im y24 — O7F, F may be singular at (y13,y24) in one case
and not in the other, and these two limits have to be
investigated separately. We shall speak of these two
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cases as limits from corresponding and from opposite
half-planes, respectively.

The second property is the following: Remark 1 of
Appendix A, properly generalized, states that analytic
continuation around a singularity of type (C?*) does not
alter the nature of another singularity of a particular
integral. We see that although the definition (1.8) of
the physical sheet of F is ambiguous in case F has
branch points within the physical sheet, nevertheless
one can unambiguously determine the points of singu-
larity of F in the physical sheet.®? We do not consider
the continuation of F around singularities of types other
than (C®) since these all lie on the boundary of the
physical sheet; see (1.9).

We proceed to determine the singularities of F on Z.
We recall from II that F is analytic in a certain region
R of the real yy3, y24-plane; R is bounded by lines

y13=L13,

¥24= Los. (3.5)

(Li3=—1 or Lst or Lst, Lsa=—1 or L+ or Ly*) and
sometimes also by arc (P P12) of I's. We see that F has
no singularities on TI's, and, by Lemma 2A, it has none
on 3. Moreover, for y13> L13® the limits Im y;3 — 0+
and Im y;3 — 0— are always equal, and at any point of
T; either both limits described above give singularities,
or neither limit gives singularities. A similar conclusion
holds for I'y, Next, F is regular at (yis,y.s) on the
physical sheet if Im y,3, Im 3,4 are both different from
zero and of the same sign, as we pointed out in connec-
tion with Lemma 1. It follows that F has no singu-
larities on £ and on 24, and on those points of I'; and
I'; which are joined to =, Z3, or Z,.

We still have to discuss singularities on Ty, T'5, Zy,
and on those points of T'; and I'y, which are joined to
%1 We shall make use of the following lemma.!

Lemma 2. Every point of I'y other than a point of
tangency to a line of singularities is a singular point
of F when one of the two limits described above is
taken, and is a regular point when the other limit is
taken. The same conclusion holds for T'; if the
thresholds are Lis=L13®, Lyp=L2® [case (iv)
below .

Proof. We first give a proof for the case in which the
curve in question is tangent to one of the (singular)
lines y13=L13, ¥24=La2a. Let us assume for definiteness
that we are dealing with T'; which is tangent to the line
y13=Liz=Ly+*. [We note that I'; is tangent to a line of
singularities if and only if we have case (ii) described
below.] Let us write

1
F(y13,y20) = f Aoy f(%k,)13,Y24)- (3.6)
0

12 Oehme (footnote 7) has given a detailed discussion of the
physical sheet in the case of the vertex function.

3 This lemma is analogous to a conclusion of Killén and
Wightman (footnote 2) who show how the singular nature of the
points of their hypersurface ®=0 changes when the hypersurface
crosses a branch cut which delimits the physical sheet.
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At the point of tangency of I'; to y13= L3, f has coin-
cident singularities of type (C?) at x,=0. (The presence
of one singularity follows from our assumption that the
line y13=Ly* is singular. Moreover, Lemma 2A implies
that upon a small change of parameters the singularity
splits into two singularities of type (C?); we note that
there are no (E'C') or (£?) singularities with (y13,y24)
near the point of tangency and x,; near zero.) If a point,
say (¥12%+7e, ¥28+1ie), in the limit e— O+ is singular
for F, and lies on I'; near the point of tangency, then
f has coincident singularities which are on opposite
sides of the contour. As we displace y5 from y,34de
around the branch point y3=L;; to y15°—7e, as in Fig.
9(a), then the singularities of f are displaced as shown
in Fig. 9(b), and we do not have a singularity at
(¥1°—1¢€, y2'+17€) in the limit ¢e— 0. If the point
(y1+1e, y20+i€) is regular for F in the limit e — 0+,
then f also has two coincident singularities, but now
these lie on one side of the contour, or miss the con-
tour. We may now apply the same argument as pre-
viously. Lemma 2A allows us to extend our conclusion
to the remaining points of I'y. (If I'; is also tangent
to the line ys4= Ly4, then it is necessary to repeat the
above argument with reference to the new point of
tangency.)

The above argument also applies to I's if we have
case (iv). To prove the lemma for I'y if T'y is not tangent
to one of the lines yi13=Lis, y24=Lss, we proceed as
follows. We choose a suitable point (¥13,¥24) of I'y and
such external masses that the specified tangency
conditions hold, and then we vary the external masses
to their desired values and use Lemma 2A. We then
use again Lemma 2A to extend our results to all of Ty
with the desired mass values. The validity of this
procedure can be checked in detail for each of the cases
listed below. [See the transitions between the cases
described in Appendix C; see also the Remark following
the description of case (iv).] The lemma follows.

We now discuss various cases separately. The cases
listed below correspond to the various cases of II,
except that we made two separate cases, (i) and (iv),
of case (ii) of II. A description of the real region R of
analyticity for the various cases is given in detail in II.
We recall Eq. (2.12): ©=012+023-+034-+06,4, and we shall
call two angles 6,; and 6 adjacent if they have one
subscript in common.

Cases () and (41) : ©® <2x. In these cases the region R
is bounded by the lines yy3=~ZLy3=Ly" or —1, and
yo2a=Loy= L™ or —1. We have case (i) if the sum of
any two adjacent angles is less then 7, and then Li3= L4
=—1. We have case (ii) if the sum of angles in a pair
of adjacent angles is greater than ar, and then at least
one of the two equations Lyz= L3, Las= L™ holds.

In these cases there are no singularities on I's, and
therefore there are none on I'y (Lemma 2A). If we make
the extension from I'; to I';y via 21, then there will be no
singularities on T either. We now recall that the
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Fi16. 4. A Feynman diagram with

179° 6° ©>2r+2 min(8;;). The binding
energy of A in A/ was taken as 0.2
D z Mev [B. YlV Downs arluhR. SHé
7 Dalitz, Phys. Rev. , 59
" ! z’n 23 . (1959)7.

construction of Z; depended on the use of <0 in Eq.
(2.14b). We conclude that for those points of I'; which
are joined to =y, F is regular if we take the limit from
opposite half-planes, and singular if we take the limit
from corresponding half-planes (Lemma 2). Moreover,
one sees, by following a similar argument, that the
situation is reversed for those points of I'; which are
joined to Z; or to =4 We also observe that F is always.
regular on I'; and T,.

Case (448): 2r <O <2742 min(f12,03,054,014). In this
case the lines yi13=L13'?, y24=Ly,'®’ are ordered as in
Fig. 2, case (a) or (b), and R is bounded by lines
Viz= L13(2), Vo= L24(2), and by arc (P01P12) of s (Flg 3).
Thus, there are singularities on arc (PoP1), on 2,
and on those points of I'; and T'y which are joined to
3, [see the relations (2.13a-d) and Fig. 3]. Moreover,
at every point of I'y, F is singular if we take the limit.
from opposite half-planes, and regular for the limit from
corresponding half-planes. [We note that I'; is tangent
to y13=L13V or to Les= Ls,V if and only if F is regular
on the line in question. This statement is also valid for
case (iv). For cases (i) and (ii) the situation is reversed. ]

Case (1v): ©>2r+2 min(012,023,034,014). In this case
the lines y13=L13‘?, y24= L) are ordered as in Fig.
2(c), and R is bounded by lines y13="L13®, ya4=L24®.
Arguments analogous to those used above lead to the
following conclusion: F is singular on arc (Pj3P34) for
limits from corresponding half-planes, on arcs (P12Ps3)
and (P3«Pss) and (Lemma 2A) on arc (Po1P12) for limits.
from opposite half-planes, on =, on T'; for limits from
opposite half-planes, and on I'; and I'y at those points
which are joined to Z;. F is regular on I'; and on I's if
the other limits than specified above are taken.

A Feynman diagram which falls into case (iv) and
which represents a physical process is shown in Fig. 4.

Remark. The above conclusions seem to lead, but do
not, to certain inconsistencies. One of these confusing
points is as follows. Let us suppose that I'y is tangent to
a line, say y24= Ly*, which is not singular. If (y;3,¥24) is.
at the point of tangency, then there are coincident
singularities at x;=0, and it may appear that there
should be endpoint singularities if (13,524 is displaced
from the point of tangency along the line yzs= L;+. How-
ever, we would like to point out that the singularities at
#1=0 need not be at the endpoint of integration, since
other singularities in the x;-plane may impose a de-
formation of the contour, and the coincident singu-
larities at x;=0 may be separated from the endpoint
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21=0 by a branch cut. Thus there is no inconsistency.
The case of singularities of T's in case (iv) is analogous.
It is obvious that in such cases it is allowable to use
Lemma 2A to determine the continuation of singu-
larities past the point of tangency.

In Sec. 2 we pointed out that the points (y13,y24) of Z
‘with one member of the pair real and the other complex
join two different parts 2; and 2, of 2. In passing
from Z; to Z;: through these points we cross the
boundary of the physical sheet [see (1.9)]. Thus the
fact that we may have singularities on Z; but not on
Z, or =4 does not contradict Lemma 2A.

We make two general observations concerning the
singularities of F, in addition to the observation
expressed in Lemma 2. For the first, we note that all of
the curves and surfaces with singularities other than Z,
lie on the boundary of the physical sheet. We see that
F has no singularities in the physical sheet if and only
if ©<2r; see Appendix C for the case @=2xr.

The second observation is the following: If a given
branch of T is tangent to a line of singularities y;=L;,
then we have singularities on I' (for either of the two
limits) on one side of the point of tangency, and not on
the other side. This observation can be easily understood
if we realize that for the point of tangency one of the
sets of coincident singularities occurs at the endpoint
of the contour.

4. APPLICATIONS
Mandelstam’s Representation

On the basis of Sec. 3 we see that if @<2r, then a
double application of Cauchy’s theorem establishes the
validity of Mandelstam’s double integral representation,

F(y13,y24) = —f dvf P( v,w)

(4.1)
(v Y13) (W —21)
where

p(313,¥20) = — 1 lime ot [F (Y15+7€, yout-ie’)
—F(y1stie€, yoa—i€) — F(y13—ie, yo4t-ie’)
+F(y1a—i€, y24‘-'i€’)]. (4.2)

On the other hand, if ®>2r then the existence of
singularities of F for complex yis, y24 precludes the
validity of a representation such as in Eq. (4.1). Our
conclusions are in agreement with those obtained by
Mandelstam.*

Our techniques may also be used for a further study
of representations such as in Eq. (4.1). To give an
illustration, we give a new proof of the fact* that in case
(i) the function p is nonzero in the region bounded by

. T'y rather than in the entire region — o <y13,y24<—1.
We write, for yig,y24> —1,

1,70 dy
F(yls,yu) = —f

TV _» VY13

g(2,y24), (4.3)

where for y15<—1; —1<yy,

— (201 i
g(y13,y24)= (20)7" lim
XEF (y15+-ie, y20)— F (y13—i€, y24) .

For the specified values of y13 and ys4, g is the imaginary
(absorptive) part of F. The next step is to construct a
spectral representation for g(yis,y:s), where y; is a
parameter less than —1. For this purpose we define g
for other values of y.4 by analytic contmuatlon from the
values ya> —1.

Equation (4.4) shows that all singularities of g lie on
the surfaces described in Sec. 2. We are primarily
interested in the dependence of g on ys4, and the only
points which we need to investigate are ys=—1 and
the intersection of the line y;3=const. with I';. Let us
show that g is regular for yss=—1. We use the relation

lim (—1)m![(1/ (x+ie)"H—1/(x—ie)"H]
0+

=276 ™ (1),

(4.9)

(4.5)

which follows by differentiation from the case #=0.
We obtain

1 1 1 1
g(y13,y24)=1rf dxlf dng dxaf dxs
0 0 0 ¢

Xo(1-% )8 (D)/II m..

Let us look more closely at the region where D
vanishes. We rearrange the terms of Eq. (1.4) as follows:

D= (x1—%3)2+ 221563 (y13+ 1)+ (%2~ 24)*+ 22224 (y24+1)

(4.6)

4+ 21 (ay10+ ey 10) + 225 (Xey2s+ ays).  (4.7)
Since we are dealing with case (i), we have
Yie+914>0, Yo+ y34>0. (4.8)

An examination of Eq. (4.7) and of the inequalities
(4.8) shows that there exists #>0 which depends on
913 but which does not depend on ys (for y;>—1)
and is such that D>0 when 0<#x;,2;<7 and 0<Zx,,
x4<1 (with J_ x,=1). Lemma 1 (of Sec. 3) now allows
us to take the contour along the real axis for the
integral over x, and x4 when 0<#1,23<%, and we see
that D>0 when x. and x, vary over this contour.
Furthermore, the boundaries of the region with D=0
(or, expressions defining these boundaries) depend
analytically on ys4 for y2s>—1, but at yy=—1 they
are enlarged in a discontinuous way. We now wish to
continue g analytically from y23>—1 to yu=—1—e
(eo greater than zero and sufficiently small). To do so,
we must continue analytically the boundaries of the
region of integration, and we see that in this continua-
tion the boundaries do not reach the endpoints x1=x3
=0. Since the singularities of F at yx=—1 are as-
sociated with these endpoints of integration, we
conclude that g is regular at yg,=—1.
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t constant

s constant / \u constant

Plz'#O

Fi16. 5. The regions
with nonzero spectral
functions p;;. We assume
case (i) in each region.

We also conclude that g is singular at the point
Yaa=7y2 where (¥15,¥2) lies on I';,"* and that we have
the following spectral representation for g (for y13< —1
and Yo <yas; y20<—1):

1 v2° oy
g(y13,y24)=2_ f lim

iV W— g €N

X [g(y1s, wtie)—g(y1s, w—ie)].  (4.9)

Our assertion about the function p now follows.

Spectral Representations for Exchange
Scattering

In IT the spectral representations were considered in
which the energy (s) of the process or the square of the
four-momentum transfer (— ¢) is held constant. Mandel-
stam, however, has pointed out a basic symmetry
among the three invariants s, ¢, and %, (—u) being the
square of the four-momentum transfer for exchange
scattering. From this symmetry arises the interest in
spectral representations with # constant.

The interest in such spectral representations arises
more directly in connection with momentum transfer
limitations of dispersion relations. Consider a process
for which the complete scattering amplitude admits a
double integral representation of the form (4.1). Then,
following Mandelstam,>5 there are three associated

Ng N3 Na N Na~ Ny

Ny N2 Ny

- k Ny N2

(a) (b) {c)

F16. 6. N-N diagrams with specified nonzero spectral functions p;;
for (a) p1350, for (b) p2s=0, and for (c) p125<0.

" An entire function which vanishes at infinity is identically
zero; see E. C. Titchmarsh, The Theory of Functions (Oxford
University Press, New York, 1939), 2nd edition, p. 165. We also
note that the existence of a singularity of g at y.=y. implies a
part of Lemma 2 (Sec. 3), and is implied by that lemma.
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spectral functions p;; which are nonzero in the regions
shown in Fig. 5. Some of the Feynman diagrams which
contribute to the three functions p,; in the N—N case
are shown in Fig. 6. A single fourth-order diagram as in
Fig. 1 has a nonzero spectral function in only one of
these regions, as we see from Eq. (4.1).

Consider now the process of Fig. 1, with p12 and pa;
incoming (positive timelike) and $3. and p14 outgoing
(negative timelike). Then

s=(pratpas)?, 1= (pratp1a)?, u=(prot+pss)? (4.10)

These invariants are linearly related as follows:
stitu=p12+pol+pasi+ prdd. (4.11)

Let Fi; and Fy3 be two partial Feynman amplitudes
which give nonzero contributions to p;2 and p13, respec-
tively (we can take Fi3=F). We see from Fig. 5 that a
spectral representation for Fi» with ¢ constant is
analogous to a spectral representation for Fy; with «
constant. (This is also suggested by Fig. 6.) Thus it
appears that the study of spectral representations in
the fourth order with # constant is a first step toward

A3
1
i
! R F16. 7. The limits of
Yz 4=}L I integration in  Eq.
) (4.13).
77 7

T U
Yoa=V Y24

understanding spectral representations (or dispersion
relations) for large space-like momentum transfer.
Equation (4.11) with « constant is equivalent to

(4.12)

for some real constants ¥ and A, with ¥>0. Now we
conclude from Sec. 3 that in cases (i) and (ii) we have
for any real A

( ) 1 » *\ dx |
o[+ 1
24, Y24 \J L ) oy 0t

XIm F(A—vyx—1e, x+ie).

Yiat+yyau=N\,

(4.13)

The limits of integration u, » depend on the boundaries
of the real region R of analyticity of F (Fig. 7). If M is
sufficiently small then the integral extends over the
entire real axis.

We see from Eq. (4.13) that the points (y13,y24)
which are arguments of F approach the curve I' from
opposite half-planes, and thus, in case (i) the function
Im F of Eq. (4.13) is regular on T'; when e=0. Thus we
may indefinitely continue the functions of Eq. (4.13)
analytically in \. It is interesting to speculate whether
this conclusion is a special feature of perturbation
theory or whether it has a more general validity. At
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present all attempts to establish dispersion relations
without recourse to perturbation theory are applicable
only to limited values of momentum transfer,'®* because
the singularities of the absorptive part of the scattering
amplitude for larger values of momentum transfer are
not yet understood.!®

In case (ii), the function Im F [of Eq. (4.13)] has
singularities on that part of I'y which is joined to the
surface Z; or to 24 (see Fig. 3). In cases (iii) and (iv),
the representation - (4.13) is not valid for those
values of A for which the system of Egs. (4.12) and
A(y13,y24)=0 has solutions lying on Z;, but this repre-
sentation is valid for all other values of \.
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APPENDIX
A. Determination of Singularities of Integrals
Necessary Condition for Singularities

The following lemma is implied by the discussion
of Eden 1

Lemma 14. Let an arc A be given in the complex z
plane as a contour of integration, let N denote a
neighborhood of the contour 4, and let D be a domain
in the complex ¢ plane. Let f(z,c) be regular in either
variable, except for a finite number of isolated singu-
larities or branch points, for any value of the other
variable, when zeV, ceD. (We have to include the possi-
bility that the domains D and N extend over more than
one Riemann sheet of f.) Then

w(c)=f f(z,0)dz (A1)

can be singular at ¢=coeD only if one of the following
two conditions holds:

16 H, Lehmann, Nuovo cimento 10, 579 (1958).

16 One can show that the function Im 4 corresponding to an
arbitrary amplitude 4 can be continued to indefinitely large
space-like momentum transfers if one assumes that (i) 4 satisfies
Mandelstam’s representation, and (i) those spectral functions of
A which are located in the region of pis, see Fig. 5, have no
tangents which are parallel to their asymptotes. Then the singu-
larities on the curves which bound the spectral functions cannot
occur for limits from opposite half-planes, as otherwise these
singularities would extend into the complex region. Our assertion
now follows as in the text.
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M, z -PLANE

Fic. 8. Illustration of
the condition (2) for singu-
larities of w(c).

(1) f(z,co) as a function of %z has a singularity at an
endpoint of the contour, or

(2) for ¢, in a neighborhood of cs, f(2,c1) is singular at
2=2%+m and at 2=20— 72,

where zo+n1 and 25— 9, lie on opposite sides of the con-
tour A, 2 is a point of the contour, and 5;, 7. — 0 as
c1— co. (See Fig. 8.)

In general, if f(z,c) has singularities at 2= 2,+m and
at 29=20—12, and 71, 92 — 0 as ¢ — ¢o, we shall say that
f has coincident singularities (as a function of z) at
¢=co. We note that if the point z=2, is not an endpoint
of 4, then in general z; and 2, will lie on opposite sides
or on the same side of the contour depending on the
chosen Riemann surface of w(c). A typical situation is
shown in Fig. 9; here w(c) may have a singularity at
the point P, where ¢=c¢q, but not at the point @, where
c=co likewise.

Let us suppose now that f(z,,£) depends on the
parameter ¢ in the same way as on the other two vari-
ables, i.e., in analogy with the specifications of Lemma
1A. Then w=w(c,£) also depends on £ analytically. The
condition that f have coincident singularities will in
general be equivalent to an equation g(c,§)=0. Let us
suppose that we have coincident singularities at (co,&0)
g(co,£0) =0, and let us suppose that these singularities
approach the contour from opposite sides. Then, if we

vary (c,£) and the contour in such a way that

(1) the variation is continuous,
(2) no singularity crosses the contour,
(3) g(c,£)=0, i.e., the singularities in the z plane stay

coincident,
(4) the singularities do not reach an endpoint of the
contour,
(a) C-PLANE {b) z-PLANE

F16. 9. (a) Riemann surfaces for w(c); c=co at P and at Q, and
R is the branch point associated with the endpoint M) of inte-
gration. (b) The displacement of singularities in the z plane when
¢ is displaced from a neighborhood of P to a neighborhood of Q as
shown in Fig. 9(a).
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we still shall have coincident singularities approaching
the contour from opposite sides. (Note that we must
keep the endpoints of the contour fixed in order to retain
the same function w.) If we start with coincident singu-
larities which approach the contour from one side, or do
not approach it at all, and if we vary (c,£) and the con-
tour as described, then an analogous conclusion holds.

Furthermore, we can effect the analytic continuation
of w(c,t) [or of w(c)] by satisfying conditions (1) and
(2). These considerations lead to the following lemma :

Lemma 24. Let g(co, &) =0, and let us continue w(c,£)
analytically from (co,&0) to (c1,&1) in such a way that the
conditions (3) and (4) are satisfied. If the coincident
singularities do not approach the contour from opposite
sides for (co,£0), then w is regular at (¢1,&1). If the coinci-
dent singularities approach the contour from opposite
sides for (co,£0), they also approach the contour from
opposite sides for (c1,£1), and hence w may be singular
at (Clyfl)'

The above lemmas, as well as the considerations that
follow, can be readily generalized to functions involving
a larger number of complex variables and to multiple
integrals.

Remark 1. Let us consider a surface .S of singularities
with points satisfying g(c,£) =0, as described in Lemma
2A, and let (¢',£)eS. Let us continue w{c,£) around the
point (¢/,¢). Then the new branch of the function w,
which is obtained by such a continuation, also has
singularities on the surface S. Moreover, the singu-
larities associated with endpoints of integration are the
same for the two branches of w. (This fact was implied
in the statement of Lemma 2A: if w is singular on S,
then the variation of (c,£) subject to the condition
g(c,£)=0 is to be understood as a limiting process,
which may involve several branches of w.) The above
fact can be understood from Fig. 8; a continuation of w
as described above implies a displacement of the
singularities which are near coincidence, and of the
contour, but the essential aspects of the figure would
remain unchanged.

Remark 2. We see from Lemma 1A that the entire
singular part of the function w at the singularity
c=cy is obtained by integrating f(z,c) in the neighbor-
hood of one, or possibly a few, points.

Remark 3. We make here one observation regarding
the singularities of multiple integrals. The first inte-
gration, say over a, has singularities which are as-
sociated with neighborhoods of points ey, - - -, ax. In the
next integration we may expect to find coincident
singularities where one singularity is associated with
a=a;, and the other, with a=a;>a;. However, such
coincident singularities do not lead to a singularity of
the integral: We may write the multiple integral as a
sum of two terms, where the first includes integration
in a neighborhood of «;, and the other, in a neighborhood
of a;. Neither of the two terms can have a singularity
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arising from the coincidence mentioned in the foregoing,.
and so the sum cannot be singular.

A Sufficient Condition for Singularities

‘We do not consider in this paper the general question
whether the fulfillment of one of the two conditions of
Lemma 1A is sufficient for the existence of a singularity,.
or else what additional conditions must be imposed.
However, we give for reference the theorem which was.
used in I and II for the determination of singularities.
This theorem has also been used by a number of other
authors, but no published proof is known to us. This.
theorem' as stated is applicable to all the Feynman
amplitudes discussed in Appendix B, but a more
genera} formulation can be given.

Theorem 1. Let a bounded region V of integration in
the Euclidean » space be given. Let g(us,- - - ,u.) =g (u),
#(u), and k(u) be three real continuous functions in V
such that

guw)+2z2(w)>0 and k(u)>0, (A.2)
whenever #eV and 0<z<3d, and such that g(u)=0 for
some ueV. Let >0 and let [g(w)+2zk(u)]*>0 for
ueV, 0<z<4. Then the function

bwdr,
A3
Gla)= f[g(u V+zh(u)]? (A3)

is singular at z=0.
Proof. Let us first observe that g(u)=0 for ueV, and
that the sets
Vo={ueV:g(w)=0}, Wo={ueV:£(w)<0} (A4)
are closed and disjoint. These facts imply that G(2) is
regular for 0<z<é and for z with Imz0.7 Let
>0, and let

Vi={ueV:g(w)<e}, Va={ueV:g(u)>e}. (A.5)

The set Vy is nonempty, and it follows that V). has a
positive measure. We may write G=G1+Gz, where

k(u)dr,

Gie A.6
)= j:’u [g(“)""Zh(“)]p (49

j=1,2.

The function Gs. is regular at =0, and we shall examine
the function G, more closely. The fact that the sets
Vo and W, are closed and disjoint implies that for
sufficiently small e there exists m>0 such that

hw)>m for ueVi. (A.T)

Let N satisfy 0<A<3d; Gu(z) has a power series

7 A detailed proof of this fact has been given by Taylor (see
work cited in footnote 8, Appendix). An intuititive argument de-
pends on the observation that for such z the denominator in the
integral of Eq. (A.3) does not vanish.
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expansion around A,!3

[

Gi(z2)= 2 (=1)"Ba(z—N)",

n=0

(A.8)

where

Br=(—1)"G1.» (A)/n! (A.92)
)
n(n—1)T(p+1)
k(u)dr,
X f (u) . 9b)
vie Lg(w)+Me(w) 17 {[g(a)/A(w) ]+ } "

We construct numbers a, such that a,<B, by taking
the maximum values of [g(u)/#(u)]+\ and by omitting
the factor I'(n+)/ (n— 1) I (p+1) > 1

k(n)dr,
ap= ? f ® . (A.10)
nl (e/m)+A]" Y vi [g()+Ne(a) ]
The power series
é (= 1)ran(5—A)" (A.11)

has the radius of convergence (¢/m)+\ (note that
limp,nt/"=1), and our argument is valid for any
¢>0. It follows that a power series for G(z) around the
point A must have a radius of convergence r not greater
than A. On the other hand, our previous remark about
the regularity of G(z) implies that »>X. Thus r=AX, and
this conclusion is valid whenever 0<A<%s. The
existence of a singularity of G(z) at 2=0 now follows.

B. On the Singularities of Certain Feynman
Amplitudes

We consider now the nth order Feynman amplitude
associated with the diagram consisting of # external
momenta joined by a single closed loop and with no
other internal lines, as in Fig. 10. We show in this
appendix that all the singularities of such an amplitude,
considered as a function of the invariants, lie on hyper-
surfaces which can be found by setting appropriate
determinants of invariants equal to zero. This result
for the vertex function, and for certain singularities
of the four-point function, was obtained in reference 2
and in II, respectively. [The hypersurface =0 of
work cited in footnote 2, Appendix III, is precisely the
hypersurface K,=0, see Eq. (2.3), if the variables are
properly identified. ] We also give in this appendix one
important property of such determinants.

Let us definefor 1 <i<j<n

pii=piipit P et - picn

18 For needed facts from the theory of functions see, e.g.,
Titchmarsh, work cited in footnote 13, especially Chapters I and
VIIL

(B.1)

Fi16. 10. Feynman dia-
gram with a single )
closed loop. "j?.' Pjiju=a

The amplitude M, associated with the diagram of
Fig. 10 can be written as follows!':

1 U d(l—ay—- - —ay)
M,,=(const.)f dﬂl"'fdan , (B.2)
0 0

where Do
Dy= i ami— 3 aoipit. (B.3)
= i<i
We introduce quantities y,; as in II
pi=mi2tmE—2mmy;; for i<j, (B.4a)
Yi=Y¥ij Y=L (B.4b)
We further define x; by
T =y Zﬂ',l am;. (B.5)

If we require that 3~ a;=1, then we can find the inverse
transformation
Xk n Xj
Ap=—" ——
mx =1 Mm;

(B.6)

In terms of the new variables, Dy takes the following
form (we again use the condition X a;=1):

Do=D/{ X (x;/m)}*, (B.7)

where

D=3Y 242 Y xxiyi= Z yixix;.  (B.8)

=1 i< i,7=1

The existence of the inverse transformation (B.6)
implies that the transformation has a Jacobian J#0.1
We now obtain

1 1
M,,=(const.)f dxl---fdx,.
[} 0

% {2 (/mi) YD §(1— 2 xx)
7 pr2

(B.9)

According to Appendix A, we may have a singularity
if in the integration over each variable x; the integrand

19 The denominators in Egs. (B.5) and (B.6) need not be real
and positive since it may be necessary to deform the contours.
However, unless the zeros of D result in a singularity of M,, we
may always choose such contours that the denominators are
different from zero, and then J 0.
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has coincident singularities, or if the integrand is
singular at one endpoint (only x;=0 is relevant, as we
see by continuation from the region where each
¥i;>1). We say, as in Sec. 3, that a given singularity
is of type (E*C**1) if in the (»—1) fold integral
endpoint singularities occur % times, and coincident
singularities, #—k—1 times.

Theorem 2. The singularities of M, which are of
type (C*™) lie on the hypersurface det(y:;))=0. The
singularities of M, which are of type (E*C**!) and
are associated with the boundary xi=-:.=xy=0
lie on the hypersurface det(v;;)=0, where (v;;) is the
(n— k)X (n—k) principal minor of (y.;) obtained from
(yi;) by deleting rows and columns with indices
Ty vy Tk

For the proof of the theorem we need the following
fact regarding quadratic polynomials. Let

n

(](30,' : '76n)= Z aiiﬁz‘ﬁjy

i,7=0

(B.10)

where a;;=a;;. For inhomogeneous polynomials we set
Bo=1. Let us define

R(B;)g=B?—4A4,Cy, (B.11)

where ¢g=A4 ;874 B;3;+C;, and where 4, Bj, and C;
are independent of 8;.

Lemma 1B. Let ¢ be given by Eq. (B.10) with o=1.
Let us write

R(Bis1)R(Bir2): - -R(Br)g=AB2+BiB:+C:.  (B.12)
Then
R(BYR(B)- - R(Ba)g= (— 1)n(wtD) 122 Cwt1)
XA A, 172 Ay det(ai;).  (B.13)

A proof by induction is straightforward.

Now let us prove the first part of the theorem.
Elimination of the é function in Eq. (B.9) by integration
over %, gives

n—1
D= 3 wixxj

i,7=0

(B.14)

where #o=1 and (u;;) is a matrix such that det(us;)
=det(y;;). The integral over x,.1 can have a (C")
singularity only if R(x,—1)D=0. Similarly, the integral
over x,-» can have a (C') singularity only if the (C')
singularities of the integrand are coincident (see
Remark 3 of Appendix A), or if R(xs—2)R(%n—1)D=0.
We continue this process; if the coefficient of x?
vanishes at a certain point, then the singularity of
M. is not of type (C*') and our hypothesis is contra-
dicted. The first part of the theorem follows now from
the lemma. The second part follows from the first if
we observe that the problem for the second part is
formally the same as the problem for the first part,
aside from the number of variables. This completes the
proof.
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A determinant of a symmetric matrix, such as
described in Theorem 2, is a quadratic in each of the
invariants. It may be useful to know the discriminant
of this quadratic (e.g., to find the tangents which are
parallel to the coordinate axes, as was done in Sec. 2.)
We now determine these discriminants. ,

We start with the Jacobi ratio theorem for
determinants.?

Theorem. Let (a;;) be a nonsingular #zX#»n matrix.
Then the determinant of any minor of (a;;) divided by
the determinant of the complementary minor of the
inverse matrix (;;) equals det(a;;).

In particular, let us assume (without loss of
generality) that the minor of (a.;) is defined by the
last #—r rows and columns. We know that by,
=A,,/ det(a.;), where 4,4 is the cofactor of the p,q
entry of (ai;). Then the foregoing theorem asserts that

A pq b, g<r
det[:(a“) ' ]/ det[(det(ai,-)) ]
=det(a;;), (B.15)
or
{det[(ak z)k'l>']} {det ((h’j)} r—1
—det[(4,)"<"]. (B.16)

We now consider a symmetric matrix (y:;;). (The
condition y;;=1 is not necessary for us. Neither is the
condition that (ys;) be nonsingular, since Eq. (B.16) is.
valid, by continuity, for singular matrices as well.)
Let YV ,, be the cofactor of the p,g entry of (ys;). The
symmetry of (yi;;) implies that ¥V ,=V,, We also
write K" =1V ,,, to conform to the previous notation..
Equation (B.16) with r=2 now states

det[(y“)" 'l>2] det (y,'j) =K1(")K2(") - Y122. (B17)

We assume that the quantity y,s is a variable, distinct
from all other y;; (except ys1). Then the determinant
(¥i;) is a quadratic in y15, and upon writing

det(yi;) = ay1+byatc, (B.18).
we easily see that
a=—det[ (y:)*>2], Vie=—(ay12t+3d). (B.19)

Equations (B.17)-(B.19) now give at once &—d4ac
=4K,™K,™. These considerations of course apply to
arbitrary y,q, and we obtain the following theorem:
Theorem 3. Let (y;;) be a symmetric matrix. Let
K™ be the cofactor of the I, ! entry of (y:;). Let ¥,
$<gq, be a variable distinct from all other y;; (except
Vep), and let us write det(yi;) =AYp*+Byye+C. Then

B—44C=4K , WK ™. (B.20)

% H. W. Turnbull, The Theory of Determinants, Matrices, and
Invariants (Blackie and Son Ltd., London, 1945), 2nd edition,,

p. 77
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C. Dependence of F on External Masses

Killén and Wightman? have studied the analytic
properties of the vertex function as a function of all
the kinematical invariants of the process, with the in-
variants complex. In case of the function ¥, the invari-
ants include the external masses in addition to those
considered in the main part of this paper.? Treating all
of these invariants as complex would increase the num-
ber of complex variables to six, and these may be taken
as just the y,; if the internal masses are held constant.
We may point out that Theorem 2 (of Appendix B)
applies to all the invariants of a given process, and in
principle our method can also be applied to the study
of F as a function of six complex variables. However,
geometric complications increase rapidly with the
number of dimensions. While we do not make here such
a detailed study of F, we discuss for completeness the
following aspects of the dependence of F on external
masses: the transitions between the various cases of
Sec. 3, and the analytic continuation of F to arguments
v:;;>1; cf. the inequalities (1.6).

Transitions Between the Various Cases

These transitions are degenerate in the sense that
some of the lines yiz==1, L13?, and yaa==1, Lsy®
coincide. We now describe those degenerate cases in
which lines with singularities coincide, and we assume
that the inequalities (1.6) hold. We give only the results.
There are four types of coincidences to be considered.

(1) ©5£2r, and the sum of two adjacent angles is .
This is the transition between cases (i) and (ii) if
® <2r. Here, Li;¥=—1 or Lyy®=—1, and the line
yiae=—1=L;® has the property that it is not tangent
to I, and is an asymptote which is approached at both
—o and c from the region y; <—1.

(2) ©=2nx, and the sum of any two adjacent angles
is different from #. This is the transition between cases
(ii) and (iii). Here Lost=Ls* and Lit=Ls*. The curve
T" crosses the lines y13=Ls*, y24= L+ at their intersec-
tion (y13,¥24) = (Lo*,Ly+). The branches I'; and T's are
connected through the point (Ls*,Lit), and the surface
%, does not exist. This configuration is illustrated in
Fig. 11.

(3) L2+=L4 =—1 or L1+=L3+= —1 (then @=21r)
Let us assume for definiteness that Lgt=Lg=-—1.
Then I consists of the line y;3=—1 and of a third
degree curve. If both sets of equations hold then I'
consists of the two lines y;3=—1, ys4=—1, and of a

2t The analytic dependence of the scattering amplitude on the
external masses has been used in the formal proofs of dispersion
relations [Bogoliubov, Medvedev, and Polivanov, lecture notes
translated at the Institute for Advanced Study, Princeton, New
Jersey, 1956; and H. J. Bremermann, R. Oehme, and J. G.
Taylor, Phys Rev. 109, 2178 (1958)] The smgulantles of the
absorptive part which 'make these proofs applicable only to
limited momentum transfers correspond to the singularities of the
curve T'; in case of the fourth order perturbation theory. (The
singularities of T'; can also be considered as singularities of a mass
variable.) See references 3 and 8, and Sec. 4.
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hyperbola. This configuration is analogous to that of
the equal mass case discussed in II, where we have
L2—=L4_=1, L1_=L3_=1.

(4) ©=27+2 min(#12,023,034,014) ; this is the transi-
tion between cases (iii) and (iv). Here, Li3®=Ly;®,
Lyy®=Ly,® and I's shrinks to a point.

These degenerate cases indicate the continuity that
is encountered in the transitions between the various
cases of Sec. 3. The singularities in these degenerate
cases can be readily determined. Moreover, an exami-
nation of these degenerate cases can guide us in
determining which properties of F can be carried over
from one case of Sec. 3 to another.

Continuation of F to Arguments y;;>1

If the external masses are considered to be complex
variables, then the singularities of F are restricted to
the hypersurfaces given by y;;= =1, in addition to those
given by Egs. (2.4a-d) and (2.6). We consider now a
specific pair of indices (4,7). We conclude, as in Sec. 3,
that F is singular if y;;=—1, but if y,;=1 it does not
have a singularity of type (F*C') (and associated with
the boundary x,=x,;=0, 4, 7, k, ! all different). More-
over, if y;;>>1 then a vertex function F,(y:) for which
one of the mass parameters is y;; does not have a type
(C?) singularity on the boundary of the physical sheet.?
Now let us consider again the space of two complex
variables, y1; and y... We see from the preceding
paragraph that for y;;>1—e (e positive and sufficiently
small), the only singularities of F(y13,y24) with locations
which vary with y,; are those on the surface Z. We
obtain the locations of these singular points by analytic
continuation from y;;=1— e of the expressions defining
these points. In particular, the representation (4.1) is
valid for all y;;>1—e if it is valid for y;;j=1—e. (In one
exceptional case, where the sum of the three angles
other than 6;; equals 27, we must continue from the
value y;;=1-¢, and the representation (4.1) is valid
for all y;;>1.)

2 See T and Appendix A of II. We define the physical sheet of
F,(yit) by —w<arg(viz—1)<m, in analogy with the definition
(1.8).
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D. Behavior of F Near Singularities

In this appendix we determine the types of singu-
larities which F exhibits on the various surfaces.? We
show that, given a surface of singularities with the
equation 0=0 and a point (y1,y2) lying on this sur-
face, F is ordinarily of the form

F(Ms,}’u) =4 (yls,yu) +B(y13,y24)f(0),

where the functions 4 and B are analytic in a neighbor-
hood of (y15%y28), B is not identically zero, and f(z)
is one of the functions 2%, logz, 2% If the surface =0
belongs to one of the degenerate cases of Appendix C,
or if more than one surface of singularities passes
through (y1%y2d), then F is given by a product of
factors, each of which is such as in the rhs of Eq.
D.1); eg,

F=A4B:fi(o1)+4 Bafe(a2)+ Bsfi(ar) fales) (D.2)

[cf. Eq. (D.12¢)]. We note that Eqs. (D.1) and (D.2)
establish the existence of singularities of F on the
various surfaces of singularities described in Sec. 3.

-We do not attempt to give in this appendix a syste-
matic presentation of the subject; we only illustrate
some useful techniques by means of one example.
These techniques suffice to establish the forms (D.1)
or (D.2) for singularities of various integrals, and in
particular, for all singularities of F.

(D.1)

We now consider F in a neighborhood of a point -

(915%y28), which lies on the surface of singularities
y3=Lyt; we assume that (y1°,y2) does not lie on any
other surface of singularities, and that Lsts—1,L*.
We start with Eq. (1.3) for F, and we eliminate the &
function by integration over x,. We next consider the
integral over x3 and its singularities of type (CY);
the result of the integration is of the form

1—z1—a2 dx; 2a3 logl
[ -=Z+a, (D3
0 (aax32+b3x3+63)2 Q%
where we set, see Eq. (1.4)
D=a3x32+b3x3+03, Q=b32—4a«363, (D4) .

and where ® is a function of x,, xs, and of the y;;, which
is regular except for those values of the arguments
which result in a singularity of the integrand at an
endpoint of integration. Such values; however, do not
lead to a singularity at the point (y:15%y24) specified
above.

The term 2a;(logl)/Q? is singular at Q=0 if and only
if log15#0. To determine logl, we have to examine the
branches of the logarithm. When Q=0 and the coin-

% Some results regarding the behavior of Feynman amplitudes
near singularities have also been given by Eden (footnote 10),
by L. D. Landau [Nuclear Physics 13, 181 (1959)], and by
Mandelstam (footnote 4).
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cident singularities of the integrand lie on the same
side of the contour, or are separated from the contour,
then necessarily logl=0. Let us consider now an
analytic continuation such as shown in Fig. 9(a). At a
singularity of type (E') the argument of the logarithm
is 0 or 1/0, and analytic continuation around such a
point leads to a different branch of the logarithm.
Thus, for coincident singularities of the integrand
which approach the contour from opposite sides,
logl=42=i,and we have a singularity of the integral.

The next integration is over x. Integration of the
function ® in Eq. (D.3) is complicated, but to deter-
mine the singularity of F at (¥15%,y28) we only need to
consider the term 2a;(logl)/Q!. We obtain

1==1 gy 2 (202x2+b2) 1—z1
f _=[ ] , (D.5)
0 Q* (b22_4a'252) (a2x22+b2x2+62)* z9 =0
where we set
Q= asxs*+bsxs+co. (D.6)

The singularities in which we are interested come from
the term in rhs of Eq. (D.5) associated with the
endpoint x,=0.

We are left with an integral over x;. We know from
Remark 2 of Appendix A that the entire singular part
of F comes from integrating in a neighborhood of a
point x;=%," (of course, similar conclusions are valid
for the two previous integrations, over x; and over ).
In a sufficiently small neighborhood of x,° the factor
(b22—4asc)~t of Eq. (D.5) is regular; this is implied
by the type of singularity of F that we are investigating.
Thus it suffices to consider only the following expression :

P 194y (xl—xlo)"
Z Qp dxy y (D7)
n=0 Va0, (@ bixidc)?
where
2b2 hd
= Z an(xl_xlo)ny
b —4ayc; n=0
ce=a?+bixi+c.  (D.8)

The justification of our procedure presents no diffi-
culties.!”®* We may now determine the singularity of the
expression (D.7) by considerations analogous to those
used in the discussion of the integral over xs.

We list below the expressions for F of the form
(D.1) which apply to the various singularities (except
at intersections of surfaces and in the degenerate
cases). The functions 4; and B, are analytic functions
of y13 and y., at the points under consideration.

For singularities of type (E*C') we have

F=A14+Bi(ys+ 1)},
F= A2+B2(y24+ 1)*~

(D.9a)
(D.9b)
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For singularities of type (E'C?) we have

F= A3+ B;log(yi3—Ljt), (D.10a)

F=A4+Balog(yaa—Lit). (D.10b)
For singularities of type (C?) we have

F=A5+ B A(y15,y24) T (D.11)

We also give the analogous forms for the vertex
function F,(y:3), where the external mass parameters
are y12 and y.3. For the singularities of types (E'CY)

and (C?) we have, respectively,

F,=A1,+Bu(ns+1)} (D.12a)
F,=Ay,+ Bs, log(yis— Li*). (D.12b)
If 6194-023=7, L= —1, then we have
F,=A43,+Bus, (3’13+ 1)*+B23u 1og (y13+ 1)
+ Baso(y13+1)} log (y1s+1).  (D.12¢)

It should be pointed out that the functions 4;, and
By, in Eq. (D.12¢) may have singularities in the y;;
plane, but the function F, has no singularities other
than at Yiz=— 1.
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